1
12.6 O =punTLavog XWPOS THOV KUPATOOUVAPTICEWV KAl Ol TEAEOTEG TG
KBavropnyavikng

12.7 O padnpatirog @oppaAiopog tng Kéaviopnyavikng

H xBavtopnyavikr), mou eival 1 oUyXpovr QUOLKL TOU HIKPOKOOHOoU, depediovetal pe ta KBavuka a-
Slopata, ta oroia avagepovial o epUNTIAVOUSG S1avUoHATIKOUG XOPOUS KAl O EPUNTIAVOUS TEAEOTEG
(Ypappikég anekovioetg), KATola aro ta oroia divovial napakdate.

Hapatipnon 12.1 H katdotaon kade oouatdiov meptypadetal and pia tepayovika oAokan-
pooun pryaducr) ovvapmon Y(x,y, z,1) 1@V CUVTETAYHEVOV TOU KAl TOU Y pOVOU, OUVEXT] UE CUVEXEIS
TOWOTEG TAPAYWDYOUS, TNV KUKATOoUVAPINon Tou, 1 onoia Tepléxel OAeg Ti¢ TANPOYOopIes yia Y Ka-
taotaon tou. To oUvoflo T®V KUUATOoUVApTNOE®V Elvat EPUNTLAVOS O1aVUOUATIKOS X ®POG, OTOV OTIOI0
10 EPUNTIAVO YIVouevo 6U0 kupuatoouvdptnoewv 1 (x,y, z,t) kat a(x,y, z,t) opiletar wg

(zpl(xayazat% ¢2(‘T7y727t)> = [[R3 Zbl(m’y’?«”t)’ wg(x,y,z,t)dxdydz, (12.1)
R3 06/og o 1pi061d0tatog xwpog.

Zta napadetypata tou BBAiou autou mapouoiadoupe povov povodidotata KBaviikd ocuothpatd, otd
oroia 1o epunTavo yvopevo uo kupatoouvdptoewv Y1 (x,t) kat Yo (x,t) opidetat wg

(V1(x,t), ha(x,t)) = f: V1 (z,t), o(x,t)de. (12.2)

Hapatfpnon 12.2 Ta k6avikd alopara Uropel va ouvoyilotouv ota e&rg:

> Se kAde GUOLKD UEYEOC A QUUOTOLYEL £Vag yPauuos eppuitiavog tefeotic A.

> Ot udveg TYUEG TTOU TPOKUTITOUV ATtO TNV UETPNON EVOG GUOLIKOU UeyEDoUG A givat ot
16101 ég a,, TOU AVTIOTOL(OU TeeoTr] A, .

> H midavotnra oc pia uétonon tou ueysdoug A va mpokuwetl n t6lotun a, yla éva
owpatidlo pue Kuparoouvaptnon P elvat
P - |< Yn, Y > |2

()
<, >
omovu Y, N 18100UVAPTNON TOU A mou avtiotoly el oTnv 00TUT) Ay, .
> H péon uun < A > evdg peygdoug A, yia va OWUATIO UE KUUATOOUVAETNOoN 1), UTOpEL va

unojloylodei:
v eite ano to avtiotoyo adlopa e K6avtknig, CUUPOLA Ue TO OToIlo,

(12.3)

A
<A>= M (12.4)
<, >
Vv &ite amo TOv 0PLOUO TNG UEONS TUNG, OUUPOLVA LUE TOV OTLOIO,
<A>=)" Pay, (12.5)
k

onou Py, o1 mdavotnieg twv dotiudv ay, g (12.3).

Zta napadeiypata mg evotnIag auth|g OUVAVIOUHE OUXVA TOV TEAEOTH| TG EVEPYELAG, TIOU AEyeTal TeAe-
otrjg Hamilton xat cupBoAiletal pe H.
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Mapadewypa 12.1 O teAeotr¢ ¢ OUVIOTOOAS 2 THS GTIPOPOPUNS, O £Va CUOTNUA TTOAUK®OV OUVTE-
TayUEVOU, eVOC owuatbiov mov Kweitar ato eninedo Oxy eivat

- o d
L,=-ih—
di
OmovU p N TOAKT yovia ToU ooUatdiou.
Na beyydei ot ot 1610tueg Tou L, kat ot avtiototyeg KavovIKOTOMUEVES 1O100UVaPTHOELS glval

1

a,=nh wxar Y, = e neN (12.6)
n n ,_271'
Avuon
Ovopdadoviag a xkat 1, () ug 16lotpég kat 1g avtiotoieg 16100uvaptiioetg ou L,
_ L d
Lotul) = atale) <> ~n e —ay (o).

Avvoviag ) otoixelwdn aut) dtapopikn auty egiowon (Xoplopéveav petaBAntey) maipvoupe

aip
P(p)=Ae b, A piyadikn otabepd. (7)

AOY® TOU 0P1OPOU TG YRVIAG ¢ TV 0paIpIKeV ouvietaypévav ta onueta (1, p+27) xat (7, ¢) ouprirnouy,
orote kabe ouvaptnon P(p), apa xat ot 1droouvaptoelg ¥, (), mpénet va €xet v i81a tpr) ota onpeia
autd. AnAadn,

Y(p+2m) =Y (p)

ai(p+2m) aip aip  ai2w aip ai2m
h h

1 Ae R = Ae < echeh =¢ <= e h =1,
OTIOTE (620 =1 av kat pévov av 1o # sivat aképato rodAarnAaocto tou 27)

a2m

T=n27r < a=nh, neZ.

Ot avtiotoieg 16100Uvaptoetg, OMwg pokuUrtouv ard my (i) ya a = nh, stvat
— n
T/)n(@)—Ae SO? nez.

H otaBepd A mpoxkuUItietl amo ) oUVOrKn KAVOVIKOTIO0oNg

(¥, 9) =1,
OIt0U ) ) )
W)= [ Besodde = [T AT A dp AR [ dio = 2|4,
, 1
ondte A=—

Nors

Av kair tapalevn, avm givar n yioooa g K6avtounyavikng, mou eivat n povadikn 9swpia Puoikrig
TIOU EPUNVEVEL TA GALVOUEVA TOU UIKPOKOOUOU.

Mapadewpa 12.2 Na uvnodoyiotel n mdavotnia pia UEIPNON NG CUVIOTOOAS 2 TG OTPOPOPUNS VA
6woel —2h yia éva oeuatiblo pue Kupuatoouvaptnaon

Y(p) = Asin®2p, 0<p<2m, A otadepd,

Avon
Zupgeeva pe to Hapddeypa 12.1, n idoocuvdpnor tou f)z rou avrtiototxei otnv dotun —2h eivat
1
V2

orote ) rbavotnta pia pétpnon g ouvioT®oag z thS OTPOPOPUNG ToU crpatidiou va dwoet —2h sivat

Y72 _ 6—2@90’




p_ (). Yoo
(W(9), ()

Ioxuet

[
N
2.
=)

w
N
©

(1), Yo2)

A {[2” . 3 . 2m . 3 .
— Asin® 2p cos(-2p)d +z/ Asin® 2¢0sin(-2p)d }
VoAl pcos(-2¢p)dyp ; psin(-2¢p)dyp
3w A

4 /27

2 9
/0 A% sin® 2pdp = A

(). (%)) 22

orote 1) () Sivet

1
P 4 Vem| 9
A25_7T 20

8

‘37714

Mapadewypa 12.3 Na Boedovv ot ot Suvatég TUES TNG KIVNTIKNG EVEPYELAS VO¢ OOUATISIOU
_L
i

onou L, n ouviotdoa z g otpogopurig tou kat I n otadepn ponn e adpdvelds ToU, Kat Ol AUTIOTOLEG
16100UVapPTNOELS.

K

Avuon
O tedeot|§ (YPapPIKY arelkovion) g KIVITIKLG EVEPYELAG £ival OUVAPTNOT) TOU TEAEOTI) TG OUVIOT®MOAS 2
g otpopopur|g L, omndte, cuppova pe v [pdtaon 9.8, ot dloouvaptrjoeg tng L. (BA. to [apdderypa
12.1)

Y, (@) =ce™? meZ

elvat 161oouvaptrjoeig kat tou tedeotr] K ot avtiotoixeg 1610tipég eivat

2
a
K,=-12
21
OTI0U am =mh,meZ

ot Wdotpég g L, (BA. ITapdderypa 12.1).

Enopévag, o1 uvatég TipEG TNG KIVNTIKIG EVEPYELAG TOU om@PaATidiou autou eivat
~(mh)? h?
-2 2]

K
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12.7.1 Avdantuypa o€ O£1pd 15100UVAPTI|CEDV EPRITLAVOU TEAEDTY)

KdBe xupatoouvdptinon Prmopet va eKppactel ®g YPAPHIKog ouviuaoiiog 1oV 18100UvapTr|oe®my VOGS £p-
HnTavou TeAeotr], Ol Ortoieg amoteAouv pia BAcn Tou epUNTIAvVoU §1avUoPATIKOU XOPOU TV KUPATOOU-
VAPTHOE@V.

Hapatipnon 12.3 Av 1 Kuparoouvaptnon ¥ elvar EKPOATUEVT ©OF YOAUUIKOS oUvSUAOUOS TV
15100UVAPTHOE®V Yy, TOU gounTIavoy tefleotn A

Y => Cryk
k
10Te 1] MO AVOTNTA O Uia UETPNON TOU UEYEDOUG A va TPOKUWEL N O0TU Ay, lval
|Cn?
P=-— (12.7)
S ICk?
g , k
Kat n ueon tun tov A
> (ICkl*ax)
k
<A>= ————5—. (12.8)
>k
k

To gpuntiavo ywouevo U0 KUUATOoUVapTioe®L Y1 Kat Yo Ue avantvyuala og mpog Tg Y
V1= Cryr ®ar 2=y Dyyy
k k

givai

(1, ¥2) = (CrDy)-

k

Mapadewypa 12.4 Na Bpedei 10 £0OTEPUO YIWOUEVO TOV KUUATOOUVAPTHOEDV

P1(p) =TY_1 - Y1 + (1 +10)Y>
Ya(p) = 8Yy +2Y; - Yy

onou Yy, ot 18100uvaptoelg 1ou TEA0T) NG CUVIOT®OAS Z NG GTPOPOPUNG L » yla tg tbrotuég mh.

Avon

Enedr) o1 ¢ (@) xat 12 (p) eival ekppaopéveg 0§ ypappikog cuvduaopog Tov 15100Uvaptroemv Tou Tede-
ot L, ot onoieg ouviotouv pia opBokavoviky Aot T0U EpUNTIAVOU X®POU TRV HIyadK®V CUVAPTHOERYV,
10 E0MTEPIKO YIvouevo < f, g > sivat

<, P> = T-0+0-8+(=i)-2+(1+1i)-(-1)
2+ (1-i)(-1) = -1+3i

Hapadewpa 12.5 H xuparoouvapinon vog oouatdiou sivat
P(p) = A{Y1+(1+2)Y 5}

omov Y1 kat Y_3 ot 18100Uvaptoels Tou TEAE0TH THE OUVIOT®OAgS 2 NG OTPOPOPUNS L » YA TG LOIOTYUEG
h xat —3h avtiotoya.
Na vnofloyiodei n otadepn A wote n () va eivar Kavovucoromuern.

Avuon
Enedr) n ¥ (p) eival ekppaopévn og ypappikog ouvduaopog 18100Uvaptioem@v T0U EPUITIAVOU TEAEOTH)
L., 0 <(p),(p) >, unodoyidetat pe mv Bonbeia g Mapatjpnong 12.2,
<¥(9),¥(p) >= [AP + AL + 20 = [AP(1 +[1 +2i%) = 6]A]”.
Ta vavai n () kavovikornonpévn mpérnet

<) () >=1 o BAP=1 o |A]= ~,

S



OTIOTE 1] KAVOVIKOTIOUHEVT) Kupatoouvdptr]or] 10U oepatdiou eivat

P(p) = —= [Y1+ (1 +2i)Y3].

\[

Mapadewpa 12.6 H xuparoouvapinon vog oouatdiou sivat
Y(p) = 2V, - 3Yy — iYy

onou Yy,, m € Z ot 16100Uvaptroeig Tou TEAE0TN NG CUVIOT®OAg NG OTPOPOPUNGS L 2 Yla TG LO0TIUES
mh. Na Boedovv ot TuEg ToU TPOKUTTOUV Ao ULd UETONATN TG CUVIOTMOAS Z TNG O00POPUNS TOU
owuatidiov avtou Kat ot avtioTory(eg Td avoTnTES.

Avuon

Zupogova pe my Hapatnpnon 12.3, o1 poveg T1€G TTOU TPOKUITIOUV ATIO P1d PETPNOT TS OUVIOTOOAS 2
g OTPOPOPUrS Tou owpatdiou eivat ot Goupég —h, 0, 2A mou avrotoryouv otg 8loouvaptroelg Y_1,
Yy, Y5 tou L, mou mepiéxovrat oto avarrtuypa g (). Ot avtiotoikeg 1810tipég etvat

2/2 4

P71 = || - = —

2P+ [-3F+|-if 14

|- 32 9

P = = —

© 0 B2+ [-32+|—if 14
.12

— 1

b =i 1

127 +|-3]2+|-4* 14

Hapatipnon 12.4 Av oe pia b0t a; 10U 1eAe0t ev0¢ GUOLKOU Ueyédoug A avniotoyovv Te-

PLO00TEPES Ao WA 16100UVAPTHOELS Yk1, Yk2s - - - » Ykp,, TOTE EVA OOUATIOO UE KUUATOOUVAOTNON 1 TNG
onolag 10 AVANIUyUa Og O&lod 16100UVaptocw Tou ueyédouc A sivai
no M

= Z chyw (Z)

i=1j=1

Kk
Z CZ]|2
7=1

n

Z Z CU|2

ZT0oV apduntn EXOULE T0 ASPOLOUA TOV TETPAYDVOV TOV UETPOV IOV OUVTEALOTOV OA®V TV 15100U-
VAPTNOEDV Yij TIOU QVTIOTOLYOUV OTNV IOI0TUT] Y, EVG OTOV TAGPOVOUAOTY] TO ddpot-
oua nepiiapbaver Oioug tou ovviefeotég g (i).

n mdavotnra pag OTUNg a ivat

P=——

Mapadewypa 12.7 H kuparoouvaptnon evog oouandiov gvat
Y=2Y1-Yo+(1-20)Y1 - (2+30)Y;

omou Y, ot 16100uvaptnoelg ToU et I:Z yia g torotuég mh.
Na Bpedei n mdavornra va mpokvwel n uur ch? amd pid pétpnon me evépyelag 1ou, av o TEAoTc
evepyelag (tefeotng Hamilton) tou owuatidiov givai

H = ch, c pyadikn otadeod.

Avuon
Zupoeva pe v [potaon 9.8, o1 evepyelakég 1610t1pég tou oopatidiou eivat
em = c(mh)? = em?h? (7)

Kat pia fdon tou 61avuopaTikou UNOX®PEOU TeV 18100UvapTroe®y tou H mou avtiototxouv otnyv 1810Tpun
€ ATIOTEAEITAL ATIO TIG
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1 .. 1
——e" xkar Y., = ——e
V2 " or
H evepyelakn tpr ch? npoxurtet and my (i) ya m?=1 < m = +1, ondte 6o ypappika ave§aptnteg
18loouvaptroeig yua v dlouur) avt) eivat ot Y_1 kat Y;. Emnopéveg, n mbavotnta tng evepyElakng
Boupng ch? eivat

—-imep

Yo, =

~ 2% + |1 - 2i[? 445 9
224 =121 - 262+ | - (2 + 30))2

4+1+5+13 23

Hapatipnon 12.5 Eva owuatibo pe kupatoovvapmon ¥ (t) 9a Boedei onu kataotaon mouv me-
pypagetal anod v KAVOVIKOTOMUEVY KULATOOUVAPTNON Vg TS XPOVIKEG OTIYUES T, YIA TIG OTLOIES N
avtiotoyn mdavotnta yivetar povada, 6niadn

(1), )l

W), v(t)) L (12.9)

Mapadewypa 12.8 Na BoedoUv ot YpOVIKES OTIYUES TIG OTOIEG £Va OOUATION0 UE KULATOOUVAPTHON

0(0) = A/ S Vi () + Ay [ 2V (o)

9a Lpedei otnU Kataotaon TwoU TEPLYPAPETAL amo THY KULATOoUVApTHOoN
1
¢a:'7—5(yi—}11)

1

Avuon
To copatibio Sa Bpebei otnv KATACTAOT) TTOU TIEPYPAPETAL ATt TNV Y, 1) OT0ia €ival KAVOVIKOTIOUPEVT),
TG XPOVIKEG OTIYHEG T, V1A TIG OTIO1eg

(), ¢a)l”
(p(0), 9 (1))

To epunTiavé yvopevo tou apldpnt) Kat tou napovopaoty mg (7) eivat

-1 (i)

W = (45 () a0), Lo i) - V()

7
- A\/gi <e’iCtY1(ap) +e Y1 (), Yi(p) - Y—1(90)>
Aﬁ (em + eiiCt(—l)) = A/msin(ct)

21
™ _; ™ 2 ™ 2 ict12

A _efzct A _ezct =914, /= ‘e—zct‘ :A27T
2 2 2

2
+

(¥(1), ¥ (1))

orote 1) (i) Siver

. 2
‘A\/E sm(ct)‘
A2
Ernopéveg, ot {ntoupeveg Xpovikeg oTiyEg elvat ot pideg tng e§lowon autng, 6niadn

=1 < sin’(ct) =1 < sin(ct) = 1

oty = (2k + 1)%, keN.



Mapadewypa 12.9 O1 svepyelaksg 1OIOTYUES KAl Ol AVTIOTOL(EG KAVOVIKOTIONUEVES 1OI0CUVAPTIOELS
evd¢ owuatdiov palag m ueoa oe va anelpobado nydadt evpouvg L eiva

22 {0 <0 1 z>L
Kar  Yp =

"=2mL2n Asm? O<xz<L & A (4)

a) Na Bpedouv 0t KaVOVIKOTIOMUEVES EVEPYELAKES 1O100UVAPTHOELS.
B) Na vrofoyiotet yia éva oouatidlo péoa oto tnyadt pe KUHAroouvaptnon

T
Yo (z) = C'sin® %, C otadepa.
N TOavoTnTa Uia UETPNoN NG EVEPYELAg ToU va SGOEL
2h?
2mL?’
1) Na urmojloyiotel yia éva oouatibio uéoa oto mnyddt pe KUUatoouvdetnon
Yg(z) =Cax(L-2), C otadepd.

N UEOM TN TNG EVEPYELAG TOU.

Avuon
a) H otabepa A uvnodoyidetat amno v ouvOnKy KavovikoIoinong tev Yy,

[ unda =1 (i)
. nmx
Enedn yn(z) =0, 2<0 1 z>L xat yn(a:):AsmT, O<z<L,

10 oAoxrAfpepa g (ii) eivat

0o L__ I
/ gnyndﬂU:fO Asin?Asin@dx—\A\ / sin? —d \A\QE,

orote 1) () Sivet
L 2
APt o |A|:\ﬁ
2 L

ETopéveg, 01 KavOVIKOTIOINPEVEG EVEPYEIAKES 18100UVAPTNOEIS OTNV MEPITITOON AUTY) £ivatl

0, r<0 1 z>L

n \/jsin@, O<z<L
L L

B) i) H mbavétnta pia pérpnon g evépyetag tou owpatdiou va dooet (BA. (7))

7T2h2 2h2
omL? 2mL2 =B,
elvat )
_ |<y17 ¢a>| (Z)
| (Var )
orou
(y1, Ya) = / \/jsm—Ca —d =C L37r
(Vay Vo) = / C'sin® —Csln —dac—|C’| / sin* |C’|23L

‘Etot, ano mv (i) mpoxkuret 6t

i

|2 3L - 7R
8

i1) H péon upr ng evépyelag tou copaudiou sivat

=0,961.
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+00
<E>=) P,E,. (i)

n=1

orou P, ot rubavotnteg tov iSotipov F,,, ot oroieg eivat

b Mo v o
010U (v, v)
nmx 5 AL sin (772_71 )2 L3sin 7r_2n
yna ¢6 / \/jsm —Cx(L-xz)dx = 7 —503 ~—
Emiong,

5

L__ L L
(), ¢):/0 C:U(L—m)Cm(L—:U)dac:|C|2/O (L -2)dz = O 2.

‘Etot, n (7i7) &ivel
2
AL sin(%) L3sin7T—2”
¢ L m3n3 Y

60 . (ﬂ'n )2 . ™
P, = g = sin| — | —-nmsin—|,
’0’2 L m3n3 2 2

2

ortote and v (i4) mMPOKUITEL 6

+00 60 2 2h2 30h2 +00 2
<FE>= Z [sin(%) —nﬂ'smﬂ] 27TmL2 n? = T Z sm(gn) —sin% .

n=1 m3n3

12.7.2 K6avtikn 9swpia tou omv

To oruv (spin, 16iomepiotpodr)) €ivatl éva PAcikO XAPAKINPIOTIKO OTn HEALTN TV 0OPATISI®V TOU Hi-
Kpoxroopou ano v KBaviopnyavikn. Ieptypdadpoupe, apyikd, tnv k8avikn Sempia tou ormv geppiovieov
(rt.X. nAexktpoviou) Kat oto T€A0G g EVOTNTAg, Hivoupe ocuvoruikd TV KBavtiky dewpia prodoviov (rt.X.
POIOVIRV).

Zruv-Sravipata @epploviov tou C?

H omw kataotaon evog ggpuioviov meptypdpetal ano Siavvoua (tivaka otnin 2 x 1) piov pryaducov
apWUOV KAl Ta OXETKA UE TO OTIV GUOLKA UEYEDT AUTIOTOLYOUV O TEAEOTES (Yo AUUIKES ATLELKOVIOELS)
T0U 61061a0TATOU EPUNTLAVOU X WPOU C?, nou TEPLypagovtal ano mivakeg 2 x 2.

To d1avuopa tou oy (§1dvuopa ory) eVog PEPRLOVIOU £ival £va OTOIXEIO TOU epUNTIAVOU 51aVUCHATIKOU
xopou C?,

C
x| 0] e we P slak-

Ta OXeTKA [E TO OTIV QUOIKA Peyedn Meptypddovial anod Ypappuikeg anelkovioelg Tou eppntiavou dia-
VUOUATIKOU X®OPOU C?, mou naplotavoviatl and mnivaxkeg 2 x 2 piyadikov aplfpov, oneg ot rmapakate
1eAE0TEG TV OUVIOTOOWV TOU OITYV, TT0U Aéyovial teAeotég Pauli:

~ |10 1 ~ [0 = ~ |1 0
O'x—|:1 0], O'y—|:z, 0:|, O'z—|:0 _1:| (12.10)

IMapadewypa 12.10 Na Seixdei Ot ot tefeoteg Pauli tou puntiavou ywpou C? sivar gpuntiavol.

Avon
. - Uy . U1 . . A .
INa xdbe u = w | 0=, | vuvLv2 e C' yla ) YPAPPIKL] Amelkovion &, He ivakda tov oy
2 2
oxuet



- . 01 Uy U9
s =o=[ o |[ ][]
O1t0te
<6,(1),0>= [T W] [ Z; ]:ﬂg?}l + s
Emiong,
<U,6,(0) >= W o] [ Zf ]:ﬂm + vy,
O1tote

< 6,(),0 >=<1,6,(0) >, ya xaBe i, € C2.

Ermopévwg, o tedeotng 6, eivat eppnuavog.

Emiong,
. 0 - —zu2
OTI0TE
< Gy(1), 0 >=[iuy —iuy] [ ] = U] — UL V2.
Emiong,
< ﬁ,ﬁy(ﬁ) >= [ﬂl ﬂQ] [ _’ZLZT ] = —UVy + UV,
OoTI0TE

<Gy (i), 0 >=<1,6,4(0) >, yia xaBe 4,7 € C2,
Enopévag, o teAeotng 7, eival eppuntiavog.

'‘Opota IPOKUITIEL OTL KAl O TEAEOTNG F, £ival eppPNTavog.

IMapadetypa O tedeotng g evépyelag evog @eppioviou mou Bpioketat péoa oe payvnuko rnedio B =
Bpé, (mapdAAndo otov dSova z) eivat

—~ P 1 0
H =¢ByS, = cBy [ 0 -1 ], ¢ otaBepd.
Zinv KBavtiky) dewpia TOU OV Xpnotonolouvidl, £miong, ot teAeotég avabiBaong kat kataBiBaong,

~ |01 ~ 100
a+—[0 O]’ O'_—|:1 O] (12.11)

H ewkdva evog diavuopatog oruv X yia évav tedeotr| oruv 5;, 1ou oupBoAidetat pe 5; X, eivat to yvopevo
10U avtiotolou mivaka erti 1o dtavuopa-otnAn X. Ta napddetypa, n ewdva tou S1avuopatog oIy evog
pepuioviou

1

2
X:
V3
2

Yla TOUG TeAeoTég T, 0y KAl T, eival

. 0 1
O'xX=|:10:|

oyX =

JERSIpS
DO | = wW

| pu——|
o
.
oI5 oI5
W | = 1\3|S ' Wl o] =
Wl N~
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Bupidoupie 611 OTOV EPUNTIAVO S1AVUOHATIKO X®OPO Cc?.

Hapatipnon 12.6 To culUyg avdotpo@o tou Slavlouarog-otnin

“[:]

X*=[a B].

glvai 1o Sravvoua-yoauun

onouv a, B ta ouluyn uyadikd v a, S.
To epuntiavo ywopevo 1oV S1avuoudI®v OTLY

Xlz[g] Kat X2=|:g
glvat [

(X1, X) =X Xo=[ar B] =ay + B6
Enedr)
_ 1 0 1 1
SN R
- 1 0 0 0
o[ 1))

MPOKUITIEL 1] EMOUEVH BACIKY TTAPATHPNO.

Hapatfpnon 12.7 Ta Siavvouara omiv

xo-[ o] -]

givat brodravvouara v tefeot 7, yia tg wootuss 1 kat -1 avriotoyya kar aroteAovv uia Saon tou
£oUNTIAVOU XWPOU TV SlaVUOUATOV OTLLL.

. . a . ,
Kd&6e 61avuopa oy X = [ 3 :| ypagetal ot popdn

X:a[ (1) :|+ﬁ|: (1) ]:aX++[3X,

ordte aro ta adlopata g KBAaviKrg IPOKUITTEL :

Hapatfpnon 12.8 O: mdavomieg P,,, P, 10 omwv va Bpedel mapddinio otov +z 1 otov —z
z+ z

nuadova givat ioeg Ue 1a TEIPAYOVA TOV UETPOV TOU TAV® KAl KATG OTOLYElOU ToU S1avUouarog oLy

TOU avtiotorya.

Eneidr) ta Siaviopata ormy ivat mavia Kavovikomotnpéva
<X, X >=1,

ordte aro ta adlopata g KBAVIKYG IMTPOKUITIEL OTL:

HMapatnipnon 12.9 O teieotig G, S mMPO60ANG ToU oMW otV Kateuduvon tou povadaiov Sia-
vUoUaTog
n = (nl,TLQ,TLg)
glvat N = N106; + Naby + N30,
Omov 0, 0y, 0, ot mivaxes Pauli (12.10).
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Mapadewypa 12.11 Na Bpedovv ta idodtavvouata tov ot
On = N0y + NyTy + N0,
¢ mMPo6ojir¢ Tou omw oTNY Katsuduvon tou puovadiaiov d1avuouarog
L = (nxanyanz)

mou axnuatifer yovieg ¢ Kkat 0 ue toug afoveg T kai z avtiotoya.
Avuon
To povadiaio 8iavuopa nou oxnuartidet yovieg ¢ xkat § pe toug a§oveg = kat z avtiotorya eivat

7i = sinfcos ¢ i +sinfsin ¢ j + cos b k.

OTIOTE O TIVAKAG TOU TEAEDTH) G, £ivatl

n-0 =sinf cosy o, +sinfsing 6, +cosl o,

. 0 1 s 0 —i 10
= sinfcosp 10 +sinfsin g i 0 +cos 6 0 -1

B [ cos sin fe ]

Q
3
I

sin@e'?  —cosb

Ot 181otp€g tou tedeotr) 6, eivat 1 kat — 1.

a

10 181081avuopa tou tedeotr) 7, ya v oty 1, tote
OnXnt = Xnt

) cos 0 sin Qe ™ a | | a
d sinfe'?  —cos6 B1 | B
) acosf + B sin He i | a
f asinfe’? —Bcos® | | B
, acosf + Bsinfe™ = a
f asinfe'¥ — Becos = [

To ovotnpa autd sivat adopioto (0Twg Kabe cuotnua £§10MOEROV TTIOU TIPOKUITTIEL A0 £va rpoBAnpa 1610-
TP®V) Kat 100duvapel pe pia ano tg dvo e§lowoelg tou. H mpodtn and auvtég ypdgpetat ot popdr)

(1-cosf)a=psin G i? I asing = B cos ge_w (i)

Euxola propet va &et kaveig ot nf (7) avoroteitatl yia

a=cosy xat ﬁ:sin§ew.

Kat ot la)®* +|8)* =1

0

cos —

. 2

onote Xos = 9
sin -’

2

Opoua, Bpiokoupe 61t 1o 161061avuopa X, ToU &, ToU avtiotoxei otnv dotun 1, sivat

0

sin 5
X,- =

—cos —e'¥
2
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Iapadewypa 12.12 Na Bpedovv ta 161061avvopata 1oV iEA0tdv 6,, 0y IOV T KAl Y OUVIOTDOMV
TOU oTTD.

Avon
H ouvictwoa x tou ormv ivat ) ipoBoAr) ToU OV KAatd PKog ToU povadiaiou S1aviopatog rmou oxnpatidet

m
yovieg 0 = 5 kat ¢ =0 pe toug adoveg z kat z avtiotoxa. Apa, oupdeva pe to Iapddsiypa 12.12, ta

181061avuopata tou tedeoty) 7, yia ug woupég 1 kat —1, X, xat X, eivar (0 = T xat ¢ =0)

1 1 1 1
Xpy = — Xpo = —
H ouvictwoa y tou oty ivat ) ipoBoAr| ToU Tty Katd PrKog Tou povadiaiou diaviopatog rmou oxnpatidet
T T
yovieg 0 = 5 Kat @ = 5 He Toug z Kat x d§ova avriotoixa, orndte ta 16108iaviopata tou ¢, MPOKUITIOUV

, ) s ™
arto 1o Mapadetypa 12.12 yia 6 = 5 Rat @ = 5

sl ] el

Mapadewypa 12.13 Na Bpedei n peon tun me evépyeiag vog NAEKIPOVIOU pue S1AVUOUA OTLY

[ V3
x-| 2
1
L 2
rou Bpioketal uEoa oe payvniko medio B= Byé,, ondte o avtiotoiyog g evépyeiag tefeotng eival
H-= cBoyo, = cBy 3 _é ], c otadepa.

Avuon
H péon uur g evépyelag tou nAexktpoviou givat (< X, X >=1)

~ . 4 i
<E> = (X*)HIX:[@? 5]@90[2 Z] 2

S
|
4
| =

|
—
o~
S
| —=
[E—
&
=)
—
<. O
-~
[E—
|
-~
|
Il
&
=)
—
-~
S
w
N | —
—_
oS e
w [N)

1
2
ﬂ( 1.1) lﬁ]zﬁ

___+_
2 2 2 2

|
o
oy
o
| —
~
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Hapatipnon 12.10 H mdavomia 1o oniv evdg owuatdiov ue Stavvoua omw X va Bpedei mtapd-

Anio oto ditavuoua 1 ivat

P, =< Xpi, X 5P, (12.12)

onou X, 10 181061avuoua tou tefeotn o, yta mu ot 1 kar n mdavomta 1o omw va Bpedei

napaiinio otv kKatevduvon tou Sravuouatog —n evat

P =< X,_, X >, (12.13)

omou X,,_ 10 16o061avvoua tou tefeatn 6, yia v otun —1 (BA. Hapddeyua 12.11).
H péon tun g mpo6oAng tov omw otnu kKatevduvon tou S1avuouatog i sivat

(o) =< X,0,X >. (12.14)

Emnei61 ot 161otipég tou 0y, glvar £1, anod tov 0ploud g peong TG TPOKUTTEL OTL

(60) =2P,, — 1. (12.15)

INapadewypa 12.14 a) Na unojoylodouv ot HECES TIUES TV TEAEOTOV O, Ty KaL T, yia éva oouatiélo

ue étavvoua omw

1 1
Xﬁ[ﬂ]

B) Na Bpedovv ot mdavotnteg To oy Tou niektipoviou va Lpedet tapdAanio:
i) pe tov uadova —x, i1) pe wov nuacova +y.

Aton
a) H péon tur) tou 6, yid éva oopatidlo pe Siavuopa ormv X eivat

(02) = (X, 02 X)

Enedr)

5 X = 0 1 1 | 1 V3
7 ‘[1 o] 5[@]—5[ 1 ]

n (i) divet - s
5 . 1 1 Vv3] 2v3 V3
<0'$)=(X,O'J;X>:§|:1 \/5]5- 1 :|:T:T

‘Opowa < y> _ (X, &yX)

orote 1) (i7) Hivet

Tedog, n (G,) eivar

B) i) H mBavétnta to ormv tou nAektpoviou va Bpebei mapdddndo pe tov nuiaova —x sivat ion pe
Pi=|< X, X >

’

orou X_, 10 161061dvuopa tou tedeotr) 7, yla v wdotpr —1.
Zto [Mapadetypa 12.12 deiyvoupe ot

OIOTE TO eppnTIavo yivopevo g (i) eivat

2
<Xx,X>:X;X:%[1 _1]%[ jg]:(i) [12+(_1)2]:§:

Etot, 1 (7) yivetat

(4)
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1?1
<—=> = —.
4 16
1) H rubavotnta to ory tou nAektpoviou va Bpebei apdAAnro pe tov nuiagova +y eivat ion pe
Pi:|< Xy+7X>2’ (Z)

orou X, 1o 181061avuopa tou tedeotr| Ty, yia my dotpn 1.
Zto [Mapadetypa 12.12 deiyvoupe ot

Pi:

OIOTE TO eppnTIavo yivopevo g (1) eivat

1
<Xy, X >= X, X—

V2

2:( ! )2[12+(¢§)2]:

[1 4]
Etot, 1 (7) yivetat

oo | >

22

1 .
P = ‘ﬁ(l—l\/g)

IMapadewpa 12.15 Na Spsdovv:
a) O1 mivakeg TV 1EA0TOV TRV TEPAYOVAOV TOV CUVIOTOOMV TOU OTILY, O
B) O brotyugg toug.

2 2 %)
2 Oy KaL 0.

v) H péon tun toug yla eva owudto ue diavvoua omw X = [ g :|

Avuon
a) O mivakag tou tedeotn &g 1oouUtal e 10 TEPAY®VOo TOU ITivaKkda Tou 0,

s [0 1 [1 o0
271 0| Tlo 1

‘Opotla mpoKuUITtEl

. . . o o ~ , . . L A2 A2 A2 . .
B) Eme16r) o1 poveg 16101pég 10V 0, 0y, 0, eivat ot 1, -1, kabévag ano toug tedectég o, 0y, 0% EXELPOVOV

pia 6oty v
(£1)? = 1.

y) Enedn n povn 18otpn tev tedeotov &%, &5, &§ etvat 1, n péon tpn toug yua onotodrnote Sidvuopa
ormv givat
A2 A2 A2
(2) = {oy) = (o2) =1

IMapadewypa 12.16 Na Boedouv ot Suvatég TUES TG EVEPYELAS EVOG NAEKTPOVIOU UEDA OE UAYyUNTIKO
rebio
B = Bye,

OTOU O TeflE0TG TG EVEPYELAg TOU gival

= 1 0

H = cByo, = cBy [ 0 -1 ] , ¢ otadepd.
Avuon
Zupogeva pe ta kKBavukd adiopata ot Suvatég THEG TNG EVEPYELAS TOU NAEKTPOVIOU elvat ot 1810T111€g Tou
tedeotn) g evépyelag H.
To XapaKInplotiké MoAU®VUPO0 tou tedeotr) H eivat

Pr(X) = (eBo = A)(—cBy = M),
o1toTe 01 HUVATEG TIHEG TNG EVEPYELAG TOU NAEKTPOVIOU eival (1610tipég tou H)

A=cBy xat \ =—cBy.
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IMapadewypa 12.17 Na Bpedouv ot duvatég Tueg e evépyelag evog niextpoviou mou Pploketat
uéoa oe payvntuko nedio B = ByZg, ondte o tefeotng evépyeldg tou givat

1
0 ] , cotadepa

FIZCBoax:CBo[ 10

Kat ta avtiotoya drodravvouara.

Avuon
Ot duvatég TEg NG evEPYELag TOU NAEKTPOViou eival ot 1810T1HEG TOU TeAeotr) evEPYELag, Ol ortoieg eivat
pideg TOU XAPAKTINPIOTIKOU TTIOAUMVUHOU

- CB()
CBQ -
<~ )\ZCBQ r] )\:—CBQ

H-X|=0 < =0 < AN —(cBy)?=0

To avtiotoko g Wlotung A = cBy 18106iavuopa

Xz[ “ ], ul+ul=1
TIPOKUITIEL ATTO TO CUCTHHA
o _ 0 CBQ Ui _ Ui CBQU2 _ cBou1
HX = )\1X = [ CBO 0 ][ u9 ] B CBO[ u9 = cBOu1 B CB()UQ
< cBoui = cBous < uq1 = us

orote, A6y® Kat Tou 6t ud +us = 1,

Kdat 1o avtiototyo 161o061avuopa eivat

w31

'‘Opold, IPOKUITIEL OTL TO AvIioTolX0 g W610Tpng Ao = —c By 181061dvuopa sivat to
1 1
Xo=— .
V2| -1

Mapadewypa 12.18 ag) Na Seiydet Oue:

7.X,=0, 7, X_=X,, 7.X,=X_, 5.X_=0,

Omou 0, Kat 0 ot tefleotég avabibaong kat katabibaong

_Jo1] - oo
““loo|l” 71 0

Kat X+=[(1)] Kat X_=[(1):|

Ta dodtavvouara v Aoty T, yla tg otueg —1 kar 1 avtiotorya.
B) Na beixdei 61t yia 1oug 1eA0TEG TOU OTTLV oY UEL:

i) G+, +5. =3I,

onou I n tavrotuen anewcovion (IX = X, yia kade X).

i) G5 +50:=0, i#],

omou 0 1 unbevucr; amewcévion (0X =0, ya kade X).

Avuon
a) Ot ekoveg TV Stavuopdteov X, kat X_ yla toug 1eAeotég T4 Kat o- eivat
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_ 0 1 1 0

“Xe = o o]lo|7|o]°

_ [0 1 |[o] [1]

X = ool 1|7 o |7

_ [ o[ 1] [o0]

o-X, = 1o =1 =X_

A ~Joo]fo] [o].

e EE R N
B) i) Ot mivakeg 3%,35,32 etvat

5 [0 1 ][0 1 10

ag = =

v | 1 0 10 0 1

5 [0 —i ][0 —i 10

oo = =

Y | ¢ O i 0 0 1

5 1 o |[1 o0 10

0. = =

z | 0 -1 ]] 0 -1 0 1
omoTe 0 Trivakag ToU TeAeoTr| T2 + 35 +372 eivat

z

10 10 (1 0 10
[0 1]*[0 1]*»0 1]‘3[0 1]‘31’

orou I o 2 x 2 povadiaiog mivakag. Eropéveg

G+, + 52 =3I,
orou [ 1 tautotikr) areikovion (/X = X, yia kébe X).
i1) @a dei§oupe ) oxéon yua i = 1 kat j = 2.

O mivaxag g YPAPHIKI|G ATEIKOVIONG 0,0y + 040, £lvat

o oo =i Jo =i]fo 1] [ o], [ o
TeOy Oy = 1 o |l i o i ofl1t oo - 0 i
[oo
“lo o

orote 0,0y +0y0, =0,

ortou 0 n pndevikr amekovioT.
‘Opola yiverat i anddedn kat yla 1g dAAeg meputi®oeg.

Mapadewypa 12.19 a) Na Bpedovv ot idiotiusg Kkat ta wdodavvouara tov tefeotn

A=6,+6,
B) To dravuoua omv evdg owpatidiov eivar to 1drodiavuoua Tou teAeotn A mou avTiotoLEl ot pueya-
Avtepn dotyun tou. Na uroAoyiotel  mdavotnta 1o oTiv Tou owuatidiov va Lpedel tapaiinio ue

0UV:
1) muadova +z, ii) nuaova +x;

Avon
AvUKAO10TOVIAG TOUG MIVAKES TGV TEAEOTOV F4, 0y BPIOKOUPE TOV Mivaka tou tedeotn A,

(2P ST

Ovopddoviag a 11 1810T1Eg Kat
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ta 181081avuopata tou tedeotr) A, 10XUel

AX, =aX, (4)
0 1-i|[z] [ Q-i)y
g AX, = . = .
l “ [1+z 0 ]_y_ [(1+z)x
ordte 1 (1) yiverat
(1-dy |_ [=
. =a
(1+i)x | |y
ATT0 ) 0X£€0T] aUTr] MPOKUIITEL TO oUoTnua
(1-49)y = ax
(1+d)x = ay
10 o1t0i0 €xel Pn-undevikeg Avoeig av
a —(1-1)
. =0
—(1+1) a
1 a>-2=0 B a1 =V2,a,=—V2
Avuxkadiotewviag v 8oty aq = V2 napatnpove 6t 1o ouotnpa woduvapel pe v e§lomon
1-1
Lo A=y

V2
Ar6 v oxéon auty kat v ouvenkn |z + |y|? = 1 naipvoupe
’ + 2 _ 1 - — L
Yy nwy \/5

(-
2

‘(1—i)y
V2

Kdt x

OTTOTE TO AVTIOTOIXN NG @] = V2 181061avuopa etvat

(1-4)

EnavaAapBdavoviag v id1a Siadikaoia Bpiokoupe 6t 1o 1651061dvucpa OU AVIIOTOXEL 0TV 1810TIL] a2

sivat
(1-14)

B) i) H mubavomta P, va Bpebet 1o ormv tou oopatidiov mapdAAndo pe tov +z—dgova etvat ion pe amo 1o
TETPAYOVO TOU PETPOU TOU “TIAVR” OTO1XEI0U TOU H1avVUoHATOg OTTY, OTOTE

-
=L

1

5"

P+:‘

1) H ubavowunta Py, va Bpebei to oruv rtapaddndo pe tov agova +z eivat

Pyy = |(Xou, X) (v)
1 1
ortoU Xpr = —
ol

10 161061avuopa tou 6, yia v ot 1 kat
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X4=X=X, =

10 81avuopa ormy tou copatdiou.

=

(Xpr, X)= X5, X=—[1 1]

1
V2

S‘HM
\V)

Etotn (v) &tver

1
P = [(Xps, X)) = ‘%

(1-14)

2
1
V2

2

_%((1;i)+%): 1 ((1+\g§—i))

1+v2-D)\[" @2+v2)
2 )‘_ 4

Hapatipnon 12.11 e noAAeg nepintwoelg ol uoAoyiouol yivovtat moAv eUkoAa av eKPOACOUUE
T0UG TEAEOTES Gy, Oy OUVAPTNOEL TOV Tefle0TV avabibaons kar katabi6aong, ue mv Bondsia twv

OXEOEDV:
04 +0_
T = ;
2
o1 omoieg MpokuTTtoUv eukoAa amo tig (12.11).

~

0y—0_
Oy = -
Y 21

’

Mapadewypa 12.20 Oswpovue NAEKIPOVIO TOU OMOIOU 10 OTILV ToU NAeKTpoviou givat TapdAAnAo
ue tov apvnuukd nuuadova —z, éniadn o didvuoua ont gvar 1o bodiavvoua X_ U tefeoth 7,
mou avtiotoiyel otnu botun —1. Na Bpedovv ot péoeg TUEG TOV TPOB0AGMY TOU OTv Katd UNKog

TV afovev T Kaly (UEOES TIUES TV TEAEOTOV Ty,
avtov.

Avon

Kat 0y) Kadwg Kat v TEAyOUOV TV 0604wy

Enedr) 1o 81avuopa ortv tou nAektpoviou eivat to 161061dvuopa X tou 1edeotr] 6, TIOU AVIIOTOIXEl oty

Glotipr) -1, n péon TPt g OUVICTWOAG T TOU OV TOU givatl
(02) =(X_,6,X_).
Exgppdloupe tov teAeotr] 0, OUVAPTIOEL TOV TEAECTOV T4, O
0y +0_
2

Op =
orote 1) (4) yiverat
O, +0_

(62) = (X,, -
Enedn) o, X_=X,, 6.X_=0

kat Aoy mg opboyeviotntag tov X, X_ n (i) yivetat
(62) = (X_,X.) = (X_, X,) = 0
6. —0_
29
N PEON TN TS OUVIOTHOAS Y TOU OIIV TOU 0PATdiou ivat

Ernedn) Oy =

) = (X TR ) = 6 X)) - (X X))
= %(X,,X+>:O

Erne1dr] n povn 18otun tov 1eAectov &?C,

sivat

X,) - % ((X_,6,.X.) +(X_,6.X_))

(4)

&5, 62 etvat 1, n péon Turn T0Ug O OMOIABNITIOTE MEPIMTIMOT)
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Alavipata onv pnodoviav tou C3

H katdotaon tou omniv evdg pmodoviov meptypdgetal anod gva 6idvvoua (tivaxa otiin 3 x 1) toiov
Uyadtkov apldu@v Kat 1a OYETLA UE TO OTV GUOLKA UEYEDN AUTIOTOLYOUV OF TEAEOTES (YOAUUIKES
aneikovioeig) tou piodidactatou spuntiavov xwpou C' 3, mou mEptypagovtal ano mivakeg 3 x 3.

O1 1eAE0TEG TRV OUVIOTOOMV TOU Spin £vog Prtodoviou eivat

010 1 0 1 0 1 0 O
Se=11 0 1[,S=—7-1 0 1 kat S,=[ 0 0 O
010 V2il g 10 00 -1
Ot 1eAe0tég TTOAA®V QUOIKOV PeyeBav yia éva PIodovio eKPpAlovial ouvaptroel AUT®V TRV TEAEOTOV.
IMa napddetypa o tedeotng g evépyelag evog prooviou mou PBpioketal péoa oe payvnuko nedio B =
Bpé, (mapdAAndo otov dSova z) eivat

(12.16)

0
0 |, cotabepa.
-1

—_

1
H=cBy| O
0

o O O

IMapadewypa 12.21 Na Boedouv ot thotiuég Kat oL 1600Uvaptioels oL teAsotov Sy, Sy kat S, tou
spin gvég umoloviou

Avon
O1 1610T1£G TOU S, TIPOKUITTOUV ATTO TV £5100OT)
! 0
V2 Y

—)\ — =0<:>—)\ 1

. V2
=

< —)\(AZ—%)+%:O < A(-A*+1)=0

ISz = A[=0 <

Ll
|

N
)

)
IS‘H
>

I

o

° Sl L
S
|

< A=01n =1

’oa o1 18otiuég tou S, eivat
A =-1, A=0 rat A3=1

I'a A; = -1, ot avtiotoixeg 16100uvaptrioetg X_1 , = [ T T2 T3 ] TIPOKUTITOUV ATo 10 ouotnpa

Ty + %:ﬂg = 0
1 1
ﬁxl +x2+ﬁ:ﬂ3 = 0
1
ﬁ:ﬂg +x3 = 0
H Avorn tou ouotpatog givat
= —Lxg Kat x3 = —ng

V2 V2

OTtoTE

Sl

T
N | —
L

TMa A1 = 0, poxurttel 10 ocuotnpa
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artd 1o Ortoio MPOKUITIEL

%SEQ =0
1 1
ﬁxl + Eﬁﬂg = 0
LSEQ = 0

V2

Xr9 = 0 xat Tr3 =—T1

OITOTE Il KAVOVIKOTIOEVT 18100Uvdaptnon eivat

TMa Ay = 1, npokurttet 1o ovotnua

aro 1o Oroi0 MPOKUITIEL

R

OITOTE Il KAVOVIKOTIOEVT 18100Uuvdaptnon eivat

XO,m:
V2 ]
1
—x1+ﬁﬂc2 = 0
1 N 1 0
—x1 -T2+ —=T3 =
\/5 1 2 \/5 3
1
—T2 — X3 = 0
V2
1
xr1 = —=Xx KAl I3 = ——X
1 \/52 3 \/5 2
-1
2
1
Xl = I
s L \/5
1
. 2

Ot 181011p€g T0U Sy MPOKUITIOUV ard TV £§i0001

1S, —~ | =0

, . ,
pa ot 1610T1pEG Tou Sy, eivat

<~

-\
vz TR
0
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Ta A; = -1, npoxurttel 10 ouotua

aro 1o Ortoi0 MPOKUITIEL

Tr1=—F%=T2 KAl I3 =—

AM=-1,2=0 xat A3=1

i

T — $$2 = 0
1 . 1 0
=Tl T X2 — =3 =
V2 V2
L$2 +x3 = 0

V2

7 7
—X
V2 V2

OTTOTE I KAVOVIKOTIONEVT 18100UvAaptnon eivat

Ta A1 = 0, mpoxkurtet 1o cuotua

artd 1o Ortoio MPOKUITIEL

X717y:
7
| 2
7
——x9 = 0
Nl
1 1
Ty = 3 = 0
V2 V2
ng = 0

V2

1‘220 Kat I =3

OITOTE I KAVOVIKOTIOWNMEVT 18100Uvdaptnon givat

TMa A1 = 1, mpoxurtet 10 ovotnpa

artd 1o Ortoio MPOKUITIEL

DO

Xoy =
1
L V2
]
—1'1—%.7]2 =0
1 ] 0
—T1 —T2— —=T3 =
\/5 1 2 \/5 3
L.%'Q—.%'g = 0

V2

.%'120,1'220 Kdat 1‘320

OITOTE I KAVOVIKOTIOEVT 18100Uvdaptnon eivat

N | .

ley =

DO | . S|r—l
[\



22 §12.7. O MAGHMATIKOX ®OPMAAIZMOY THEX KBANTOMHXANIKHZ

‘Opota, o1 1810T1péG Tou S, TPOKUITIOUV ard v egionmon

1-A 0 0
1S, - A|=0 < 0 -x 0 |=0
0 0 -1-A

s (1-N)(A)(1-2) =0
< A=07 =1

’pa, ot 18lotpeg tou S, eivat

A =-1, =0 rat Az3=1

TMa A = —1, rpokurtetl 10 cuotpa

21’1 =0
<~ I1=T2= 0
To = 0
orote 1 18100UvVAPTNOT AUTr) givat
0
X_1.=10
1

Mapadewypa 12.22 Na deixdei 01 yia toug ouvteAdeoteg avabibaong kal kata6ibaong tou spin evog

umoloviou
01 0 0 0 0
S,=v2[0 0 1| ke S-=v2[1 0 0
0 0 0 010
woxveL:

S. X 1=V2Xy, S.Xo=V2Xixar S.X1=0
S_X_l = 0, S_XO = \/§X_1 Kat S_Xl = \/§SX0

omou X_1, Xy kar X1 ot iboovvaptioeg ou S, ya tg botupée —1,0 xar 1 avtiotoyca (BA. Ia-
pabdewyua 12.21).

Avon
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01 0]f[o0 0
S, X1 = V2[00 1|lo[=Vv2]1]=V2X,
00 0] 1] | 0
[0 1 0] 0] [ 1]
S.Xo = V2|10 0 1 1 [=v2] 0 |=V2Xx,
00 0 [O0] | 0 |
[0 1 0 ][ 1] [0 ]
S.X; = V210 0 1 0=v2l0[=0
00 0 f[O0] | 0 |
[0 0 0] 0] [0 ]
SX, =+vV2l1o0o0llo]l=v2lo0]=0
01 0] 1] | 0 |
0 0 0] 0] [0 ]
S Xo = V2|1 00 1 [=v2] 0 |=V2X,
01 0][0] 1
0 0 0 ][ 1] [0 ]
S.X; = V2|10 0 =V2| 1 [=v2X,
01 0 [[o0] | 0 |

12.8 AuUpéveg AOKIOELS

‘Acrnon 12.1 Na Boedet n UEON TN TOV UETPNOEDV TG OUVIOTWOAS Z TNG OTOOPOPUNG ﬁz yla éva
OWUAtioo YUe KUUATOoUvApTnon

U] = 2Y_1 - }/0 + (1 - 2’i)Y1 - (2 + 3’i)Y2,
omou Y,,, ot 16to0uvaptroelg tou tefeotn L » yla ug tbrotusg mh.
Avon

H péon tpr) t@v PeTproemv g oUVIoTOoaS 2 g 0TpodopIng yid 10 oopatidlo auto eivat
C2P(=R) + |- 1PO+ (1 - 20) PR+ | - (2+30) 2R 27

? 1212+ | =12 + |(1 = 20)2 + | - (2 + 30)[2 - 23

‘Aoknon 12.2 Na Bpedel n péon tun g EVEPYELAS Yid £Va OUATIOI0 Ue KUUATOOUVAOTNOoN
Y=2Y_1-Yo+(1-20)Y7 - (2+3i)Y3,

onou Yy, ot ibtoouvaptroeig tou tefeotn L, yia tig ibotpég mh, av o tefeorric Hamilton tou ooua-
udlov givai
£ 2o '
H =cL?, ¢ otadepa.

Avon
Zupogeva pe v [potaon 9.8, o1 Y, sivatl 16loouvaptrioelg Kat 1ou tedeotn H yla ug 8otpég
€n = cn’h?

Enopéveg n péon Tpn g evépyelag Tou onpatidlou eivat
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1212¢(=1)2A2% + | = 1]2c0n? + |(1 - 20)[2ch® + | - (2 + 31)[>c2?h?

<E> =
22+ [ =12 +[(1-20) +[ - (2+ 39

‘Aoknon 12.3 H xupatoouvdptnon evog oopuattbiov sivat
Y(p)=Acosp, 0<p<2m, A otadepa.
Na vnofloyiotei n otadepa A ote n () va sivar kKavovikomomuewn.

Avon
H otabepd C mpoxuretl anod v ouvOrkn kavovikoroinong g ¥ (p)

(¥(),v(p)) =1 (4)

'a va unioAoyicoupe to eppnuiavo yvopevo (¥(p), ¥ (p)) exppaloupe v ¥ (¢) og ypappiko cuvduaopo
16100UvapTroe®V Tou tedeot L,

1 .
Y= —=e"%", meZ
2T
i —ip
Eneidr) Y(p) =Acosp=A %, (i7)

n ¥ () prnopet va ekppactel wg ypappikog cuvduaopog teov Yy kat Yoq.

1

Yi = ——e% < e =\/27Y;
1

Y_1 = €7i<'0 <~ €7i<p =V 27TY_1,

V2o
V21 A

orote 1) (i7) yiverat

W(p)=—— Mi+¥o)
Enopévag, ) )
A A
oo =[] I

‘Aoknon 12.4 Na umoAoytotouv ot Tdavotnieg Uid UETPNOon NG CUVLOTAOAS 2 TNG OTPOPOPUNG Yia
éva oeUatidlo Ue KULAtoouvaptnon

Y(p) =Acosp, 0<p<2m, A otadepa.
va 6eoet: i) 0, ii) h, iii) 3h.

Avuon
H 9 (p) ypdgetal og ypappikog ouvbuaopog tov 16100UvaptiioemV ToU TeAEoT) Ez,

0(e) =54 (v

210 avdruypa autd g KUPATtoouvaptnong tou oopatidiou os oelpd 181oouvaptroemv tou L, dev epga-
vidovtat ot 181o0ouvaptroeig Yy (@) xat Y3 () onote ot ubavotnteg Ry xat R tev iotpeov 0 xat 3h eivat

\\/gf‘
P = >
R
2 2

undév, eve n rubavotnta tng doupng A eivat
2

1
279
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‘Aoknon 12.5 Na fpedei n uéon tun g CUVIOTOOAE 2 TG OTPOPOPUTNC YA £va oUatiblo pe Kupua-

ToouVAPTNOoN
Y(p) =Acosp, 0<p<2m, A oradepa.
Avuon
Ioyuet A <¢, £21/1>

<L,>-———.
<t p>
To £0MTEPIKO YIVOHEVO TOU ITAPOVOUAOTY) eivatl

27
R R

EVR TO E0MTEPIKO YIVOHPEVO TOU aptOpntr) eivat

R 2w 2w
(¢,LZ¢> = Acos p (—ihdi) A cospdyp = —ihA? /0 Acosp (—siny) dy
P
ihA2 rom
= th ; sin2pdp =0
Enopévag ( ﬁz> =0.

B’ Auony
H péon tun (ﬁz> Bpioketat eukoAa av ekppacoupe Vv Y (@) ©g ypappiko cuvduaopd tev 1dloouvap-

ooy tou tedeoty) L.. H 1(yp) ypapetat otn popdr

v(e) =[S +Y ),

OITOTE O1 PNOVEG TIHEG ITOU IIPOKUITIOUV ard pia PETpnorn) g ouviotdodg 2 TG OTPodPopUnS Yid T0 OOUATIO
auto eivat b kat —h. Enopéveag av ovopdooupe P kat P-; tig rubavotnteg tov idotpov b kat —h
P1 + P,l =1

Kat (L.) = Pih+ P_y (-h).
Tupgeva pe v Hapatrpnon 12.3,
T
’\/;A 1

Pl - T 4|2 7T A2 - 2
VAl +[V3A|

1
Emiong, P+P1=1 < P_1:1—P1:§

2

- 1 1
Enopévaeg, (Lz> =Ph+ Py (-h) = §h - §h =0

‘Aoknon 12.6 H Kupuatoouvdotnon evog OUATIoU lvat
() =2cosp+cos2p, 0<p<2m, A otadepa.

I'ia o owpatibo avto va Bpedovv:

a) N Mdavonia wa UELNon Mg oUVIOTOOAg 2 g otpo@opung L, va éwoet: i) h, ii)2h, iii)3h
kativ) 0.

B) n uéon tun tov petprioewv: i) me L, ii) 10U 1e10aydvou g otpoPopuric Lz.

Avon
Ex@padoupe v KUPAtoouvaptnon tou oepatdiov ¥(¢) og ypappiko ouvduaopo tov 18100uvaptioemv

tou tedeoty) L,
1 .
Y= —e"%, meZ.
" V2T

Ady® g POPPHIS TOU, O MPAOTOG OPOG NG Y ypadetat
2cos = €% + 7% (7)
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ondte propet va ekPpactel wg ypapikog ouvbuaopog v Y () kat Y1 (p).

1 . .
Y] = e’ < ¥ =021y
V2r
1 . .
Y. = Te”“’ < e¥=021Y 4
o2

Etot ) (7) &ivet

2cos ¢ = (V2rYy +V21Y ;) (i7)

Emnedn
2 + —2ip
cos 2p = % (i11)
0 8eUtEpPOg BPOG PIopet va exkPppaoctet ouvaptroet twv Ya(p) kat Yoo ().
1 .. ‘
Y2 = —62290 <~ 62290 =V 27TY2
V2o
1 ‘ ‘
Y_2 = 67229@ <~ 67229@ =V 27TY_2
V2
ondte 1) (44i) yiverat
1
cos 2¢p = B (\/ 2Yo + vV 27TY,2) (iv)

Aoy tov (1) kat (iv) n ¢ ypadetat wg

w:\/%yl""\/gy—l'i'\/gYZ‘l'\/gY—Q 0

Tto avartuypa (v) g ¥ dev epgavidoviat ot 18oouvaptroeg Yo (p) kat Y3(p) ondte, oupgova pe v
[Mapatrpnon 12.3, ot mbavoinieg twv dotpwv 0 kat 3A eival pndév.
Zupogeva pe mv Hapatpnon 12.3, n rubavotnta g douprg b eivat

Vezii z

Py = 2 2 " &
2 2 0 © )

|\/27r| +|\/27r| + 9 + 9

evo 1 mbavotnta g WBoupn 24 sivat
2
’ [

2 = 2 ==
- 2 2 2 210

‘\/277‘ +|\/27T‘ + g + g

B) H péon upn (ﬁz> propei va urtoAoyiotel o €UKOAA Aarto Vv OXEoT)
(L.) = Y (Pmmh)
m

orou Py, o1 ubavdtnieg tov 8otpov mh tou L,. Adyw g (v), ot poveg 1810tpég pe pun pundevikeg
rmbavotnteg yid 1o ooudrtio auvto sivat i, —h, 2h kat —2h, onote

(L.) = Pih+ P_y (=h) + Ps2h + P_5 (-2h) (vi)

Ot rubavotnteg P kat Po tov 18otipov A kat 2k Bpébnkav oto mponyoupevo epdtnpa eve pe tov 6o
axkpBwg Tporo Bpiokoupe kat tig rmbavotnteg v doupev —h kat —2h
2 1
Pi== xar Poy=—
_ 75 710
Etot n (vi) yivetat

A 2 2 1 1
L,)==h+—=-(-h)+—=2A+—(-2h)=0
(L) shr (M) + 2R+ 5 (=20)
1) Zupgeva pe v Ipotaon 9.8, ot Y, eival 16100uvaptoelg Katl 10U TEAEOT] TOU TEIPAYOVOU TG

OoUVIOTOOAG 2 TG OTPOPOPHNS, Lz, yia g wotypég m2h? ondte 1 (v) arotedel to avdntuypa g Kupa-
T00UVAPTNONG ToU opatdiou ot oglpd 15100UVAPTHOE®V TOU Lz. Ty (v) opeg epgavidoviat pévov ot
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Y; xat Y. mou avtiotowxouv omv wbotpr) A2 tou Lg Kat ot Yo kat Y_g mou avtiototyouv oty 1810tur)
(2h)2 = 4h2. Enopéveg o1 1oveg TIj1€G TIOU TPOKUITTOUV Ao Pid PETPN 0T TOU TETPAYHOVOU T1)§ OUVIOTOOAS
Z NG OTPOPOPHNS Y1d To oepatidlo avutd sivat h? kat 4h2, ondte

(L?) = P,h* + Pgdh®

orou P, xat Pg o1 mbavotnteg tov 1810tipov h? kat 4h2.

Adye g (v). , ,
V2] + | V27| 4

Fa= 2 2 2 275
|\/27r‘ + (V27| + % + g
2
Y

2
Vil
2

9 1
P = 2 2 ik 2 5
‘\/271" +\/27T + 5 + 5

oTtoTE A ) <
(L?) = P,h* + Pgdh® = 3h2 - 54}12 = ghQ.

‘Aoknon 12.7 H xuparoouvdptnorn evog oouattbiov sivat

b(p) = Acos®ep,
I'ia 1o owuatibo avtd va Bpedouvv:
a) H mdavotnta pa uetpnon me ouviot®oag 2 g 0TpogopuUng va 6@oet:
i) h, i) 2h, iii) 3h xar iv) 0.
B) H pugon tun 1ov UETPNOE®V TNG OUVIOTOOAS 2 TNG OTOOPOPUNG.

0<p<2m, A otadepa

Avon
H xupatoouvaptnor 10U ooPAdtiou autou YpAadeTal 0g
1+cos2p A

U(p) = A0032g0 =A 5 5 (1 + % (eiz@ + e_ﬂ“")), (7)

orote propei va ekppactel wg ypapikog ouvbuaopdg tv 18oouvaptioenv Yo(¢), Ya(p) kat Yoo (p) tou
tedeotn) L.

1 .. .
— ¥ o ¥ =2 Y,

Y =
2 V2T
1y -2
Yo=——e " <o e =V2rY_
1
Yoz— <~ 1:\/27TYO

V2r
Etot n (4) ytverat

Y(p) = g {\/%YO + % (\/%YZ + \/%Y—Q)} = g\/ﬁ(Yo + % Yo + % Y—Q)

Tto avarttuypa auto mg P () dev epgavidoviat ot Y1 (@) xat Y3(¢) omndte, oupgeva pe v Hapatrpnon
12.3, ot mmBavotnteg v W8lotpmv i kat 34 eivat pndév, evw ot rubavotnteg tov Gotpov 0, 2h eivat

A 2
5 e 2
B = I 12\ 3
—V2 117 +|= -
‘2 7T(" 2 2)
Bl
2
P2: = —
A 2112 (.2 |11 |12\ 6
—V?2 — 117+ = +|=
‘2 "l 12 (H ‘2 2
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B) O1 poveg Suvatég TpéG TG CUVIOTWOAG 2 TNG OTPOPOPHNS Yid T0 0PATo auto eivatl 0, 2h kat —2A
onote

P0+P,2+R2=1

Kdt

(Lz> = P()O + P22h + P,Q (—2h) (’LZ)
Tig rubavotnteg Py kat P, uig €xoupe 116n Bpet, ondte

1
P,2:1—P0—R2=6

Enopévag,
1 1
L,)==-2h+—-(-2h)=0
(L) = <2h+ < (-2h)

‘Acrnon 12.8 To Swdvuoua omw evog nisktpoviov ivat
(1-4)e@
(1+14)e™
(@) Na unofoyiotel n apdunticn tur g otadspdg A.

(B) Na Bpedouv o1 u£oeg TIUES TV TEAEOTWV Oy, Oy, 0, &3, &2, &z yla 10 NAEKTPOVI0 auTo oUVapTroeL
mg¢ oTadepdag a.

X = A[ ] , A, a Tpayuatikeg otadepEq.

Avon
(a) To dBpolopa IOV TEPAYOVHOV TOV PEIPOV TV SU0 otolxelnv orotouodnnote diavuopatog oy eivat
povada, orodte

P-1

JA[(1 = i)ei@ + (1+i)e ]| + [A[(1 +4)e™ + (1 - i)e]
2 -\ ,—ia N ial? -\ ,—ia N ial? :
A2[|(1=i)em + (L i)e] 4 |(1+a)e™ + (1-i)e["] =1 (i)
YroAoyidoupe 10 TETPAY®VO TOU HEIPOU TOU KABE Opou

(1-d)e+ (1+di)e ™ = [(1-i)e™™+(1+i)e@][(1-i)e7@+ (1+i)e]"

= [(1-d)e7™+ (1 +d)e™ ] [(1+1)e'™ + (1 —i)e ]
= (1-d)(1+i)+(1-9)%e 2+ (1+4)%e% + (1+4)(1 -1i)
= 2-2je7% 4 24¢%0 4 9
= A+ 2i(e¥ - )
= 4+ 202isin2a =4 -4sin2a
‘2

[(L+i)e ™+ (1-d)e|” = [(L+i)e7™+(1-1)e™][(1-i)e™ + (1+i)e ]

(L+4)(1=d) + (L +i)2e720 4 (1 —0)2e?@ + (1 -i)(1 +1)

4+ 242 — 24?0 + 2 = 4 - 2i(e?'@ — ¢72%) = 4 + 4sin 20

Avukadiotoviag ta anotedéopata auvtd omy (i) naipvoupe

1
A’(4+4)=1 n A=——
(4+4) 1 i

Emnedn
&X—[O 1]L[(1—z')eli“+(1+i)ez:“]_L[(l+i)e%a+(1—i)ef“
UL 0 o2 A+i)e +(1-d)e | a2 (T-i)e + (1 +d)e

n (i) yivetat
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(02) = 2\/—((1+Z)em+(1—z)e (1—2')6111‘
+ (1+i)6m)2—\l/5 8;32_2215?:32:
) %{[(1”)6%(1_@@%] [(1+i)e™™ + (1 -i)e™]
+ [@-d)e+ (1 +i)e @ [(1-i)e ™ + (1 +0)e]}

= —{(1+z)+(1+z)(1 DX+ (1=8)(1+i)e 2 + (1-14)>

+ (=i + +(1 =) (1 +4)e® + (L+i)(L—d)e ™ + (1 +4)?]

= é {4i - 4i + 46 + 477} = = (¥ + 777)

DO | =

1
= §2COS 2a = cos 2a

Me tov 1610 TporIt0 urtoAoyidoupe tv PEOT) T TG OUVIOT®OAS Y TOU OITV
(0y) = (X,0,X) = X7, X (iii)
Enedn
0 —i ] 1 [ (1-i)e ™+ (1+1i)e ] 1 [ (1-i)e ™+ (=1 -1)e
2

&yX:[i 2_\/5 (1+4)e™™ + (1 -i)ee \/_ (L+i)e ™+ (=1 +i)e™

n (7i7) yivetat
) - glaen o 0o

+ (L+i)e™] [ (1-i)e™™ — (1+i)e™(L+i)e ™ + (-1 +i)e |

275

= é{[(1+i)ew+(1—i)e_m][(l—i)e_w—(1+z’)em]

+ [(@=i)e" + (L+i)e ] [(1—d)e + (L +i)e ]
[(1+d)e™™ = (-1 +3)e]}

= é{(1+i)(1—i)—(1+Z')262m+(1—i)2€_2ia—(1+Z')(1—Z')

+ (L=d)(1+i)+ (L=i)(-1+4)e* + (1 +3)%e >+ (L+4)(-1+i)}

1 ) ) ) )
= —(2-2ie¥" - 2ie”¥" — 2+ 2+ 2ie¥" + 2ie” ¥ -2) =0

Ioxuet
2

~1=2

2

1
-1=0.

—2

2V/2

), (0‘2) etvat 1 (BA. IMapdaderypa 12.15), n péon Tprn toug

)=|A(1 —z)e*m\ ~-1= 2‘ (1-i)e ™

Ene1dn n povn 1610tipt] 1oV teAeotov (O’?C), (&5

o€ oroladnrote nepirtoorn eivat

‘Aoknon 12.9 To omw evdg nAskipoviov ivar tapdAinAo pe tov nuadova +y. Iowd n mdavotnia
0 omw va Ppedel mapdAAnio:

a) mpog 10 Jetko nuiadova +zx,

B) mpog tov apvnuiko nuuaova +z;

Avon
Emne1dn) 1o oy eivat mapdAAndo pe tov nuiagova +y, to diavuopa ormv tou ndekipoviou, X, eivat 161061-
dvuopa tou g, yua v ot 1
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—

a) 'Etot, n mmBavowmta P, va Bpebel 1o ormv nmapddindo otov nuiagova +x eivat

Py = (X, Xas) [P (4)
, 1 [ 1
OItou Xpg = ﬁ [ 1 :|

10 181061avuopa tou G, mou avtototyet oty douun 1.

<X,Xm+>:X+Xx+=¢i§(1 ) % [ . ]=%(1+z‘)

orote 1) () Siver
2 1 .
Py, = ’(X,XW_)’Q =1 "'Z|2 = §|(1 +Z)’2 =1

B) H rmBavowmta P, va Bpebei 10 ormv evdg oopatidiou mapdAAndo otov apvhnuko nuiagova —z eivat ion

HE TO TETPAY®VO TOU PETPOU TOU “KAT® 0Totxeiou” tou §1aviopatog oy tou, ordte oty MeEPI®on autn
2

o1 1

Z— Pr—

P_:

‘Aoknon 12.10 To omw evdg ocopandiov Bpioketar oto eminedo ry mapdadinio otn Siyotouo mg
yoviag xOy otn katevduvon v etikov x,y. Ioid n mdavotnta o puid UELPNon 1o omiv va Boedel
napaiinio:

a) mpog 10 Jetko nuiaiova +x

B) mpog tov apvnuiko nuuaova —y;

Avuon
To povadiaio dravuopa 7 oty deubuvon tng Sixotdopou g yoviag x@y pog ta YeTKaA x, Yy oxnpatidet

’ 7T 71- 3 ! ’
yovieg 0 = 5’ p= 1 HE Toug agoveg T KAt z avtiotola, Orote

1. 14
= —i+—

NN

Enedn] 1o omv 10U ocopatdiou eival mapdAAndo pe 1o 71, 1o diavuopa orv tou, X, eival 18lodiavuopa

=

m
10U tedeoty) 0, V1A v 8oty 1, omdte, oupgpeva pe to Iapddeypa 12.11 ya ¢ = % xat f = 5’

1

i—e'4

V2

H rubavétnua P, va Bpebei to oruv aparAndo otov agova +z eivat

Py = (X, Xp0) (i)
ortou X, =

10 161061avuopa tou 6, yia v ot 1.

el ) g ]

orote 1) () Sivet
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8
+
Il
—
|
o
4
N

_ %(g_zmg):%(l_%)

B) H rubavotnta va Bpoupe 1o ormv rtapdadAndo otov y—adova, eivat

2 g
Ry = (X, X,-)| (i)
1 1
orou Xy =— .
Y [ i ]
10 181061dvuopa tou 7, 1ou avuotolxet otnv ot —1.
_ * _ 1 Z‘E 1 1 _ 1 . _Z‘l
(X,X@f)—XXy,—\/i[l 64]\/5[_2.]—2(1 ie 4)

ontote and v (74) mPOKUITTEL

R, = ‘%(1—1'6”%)

i(l—ie_i%)(l+ei%):i(1+ei% ~ie” T+ 1)
- i(2+i2isin%):i(Q—Qsin%):%(l—%)

‘Acknon 12.11 H xupuatoouvapnon evog oouatdiou sivat
1 = 2sin p + cos 2¢ — 2isindp
Kat o tefleotnc g evépyelag (tefeotre Hamilton) tou owpatdiov sivar
H =cL?.
Na Bpedovv o1 duvatég TUES TG EVEPYELAS TOU OOUATIOIOU Kal Ol avtioTolyeg T AvOTNTES.

Avon
Tupgeva pe v Ipotaon 9.8 kat emneidr) H= clE o1 18100UVaPTH OIS TOU TEAEOTY) iz

1
e’ meZ

V2T 7
etvat 16100UvapToe1g Kal TOU TEAEOTY) H yla Tig 8otpég

Ep = c¢(mh)? = em?h?, me N

Y =

TMa va Bpovpe g mBavotieg TV 1B10TIHOV AUTOV YPAPOUHE TV ¥ 0§ YPAPHPIKO ouvduaopo v Y,
erkppaldoviag Kabe 6Po NG CUVAPTIOEL TV Yy,.

Ady® NG POPPNS TOU, 0 MP®IOG 0POG NG ¥ , Sinw, HUIMOPel va ypadel WG YPARHIKOS OUVEUAOHOS TRV
18loouvaptoewv

L ¥, Y. = L e 1P

V2r V2

Agpalpoviag 11 0X€0E1S AUTEG KaTd PEAN Taipvoupe

(¢~ ) -

Yl:

Yi-Y. =

1 1
27 8in
2T 2T 4

, . V21 .
n s = —-— (Y1-Y.1) (@)
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2ip -2
‘Opota, cos 2¢p = A< +26 = \/5% (Ya+Yo) (i7)
V2
Kat sin3p = 2—7T (Y3 -Y_3). (417)
i

Aoy tov (1) — (#i1), n Kupatoouvaptnon tou cwpatdiou yivetat

V2r V2r V2n

oV v v )+ X2 (Y, 4 Yo - 2
5 N -Yo)+ == (Vo Vo) = 2=

V_ \/_ \/_ \/_YQ—\/_Y3+\/_Y3

P(p) (Y3-Y3)

Enedr) oto avarttuypa autd mg ¥ () qu)av@owcu pévov ot 1locuvaptrosig
Yin(p), m=+1,+2, +3,
01 HUVATEG TIHEG NG EVEPYELAS TOU o@patidou eivat
Ey = c¢(+h)? = ch?, Fy=c(22h)? = 4ch® kar Es = c(+3h)? = 9ch?.

Zuv 6otpn) Fp avtiotoouv ol ypappika ave§dptnteg 1dloouvaptrjoelg Y1 kat Y-, omndte ) rubavotnta
g eivat (BA. Ilapatfpnon 12.3)

‘\/271‘ 2
7

NeE Ner 9

2+‘_\/i2_772 2+‘\/22_772+|_\/%‘2+|\/%‘2

Zv 6otpn) Fo avtiotoouv ol ypappika ave§dptnteg 1dloouvaptrjoelg Ys kat Yoo, omnodte ) rubavotnta
g sivat

‘\/271 2

ol v

V2r V2r

2‘\/%2 2‘\/%2
+ [—— + 5
i

Erneidr] o1 poveg 161otég pe un pndevikég rmbavotnteg eivat ot By, Fs vat Fs,
P1 + P2 + P3 =1

1 Py=1-P -Py=1-

9

@I»&
©I>—~

‘Aoknon 12.12 Na Bpedovv o1 Suvatég Tueg tng evépyetag evog nAektpoviou ou Bploketal pusoa
oe puayvnuko nedio B = Byéa, ondte o tefeotnc evépyetag ou givat

0 —

FIZCB()O'QZCB()I:Z 0], c otadepa

Kat ot avtiotoiyeg iblokaraotdoelg (1610tuég kat tbrodravvouara tov H).

Avon
Ot duvatég TEG NG EVEPYELAS TOU NAEKTPOVIOU eival ot 1810T1HEG TOU TEAEOT] EVEPYELAG, Ol OTToleg eivat
pideg NG XAPAKINPIOTIKAG £51000NG

-A —’L'CBO
iCBQ -

< A - (cBy)*=0

<~ )\1 = CBQ 1’] )\2 = —CBO
TMa A = ¢By, 1o ovotnua
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(H-MI)[ z-1 2 ]=0
bivet
—cBpz1 —1cBgze =0 wat icBgzy —cBgzo = 0.

Ot €§1000€1g AUTEG 1006UvVapPIoUY P TV
29 =121,
ortote 0 avtiotoixog 1810XmPog eivat

V(eBy) = {(z1,iz1} = {z1(1,1), z1 € C'} = span(1,i).
'‘Opota POKUITIEL OT1 0 avtiotolyog g WB1otpng Ao = —cBy 1810X0pog givat
V(-cBy) ={(z1,-121} ={z1(1,-1), 21 € C'} = span(1,-i).
12.9 Aoknosig

12.1 O tefleotég avabibaong kat karabiGaong 6, kat 6- opifovtal ©g
Oy =0, +10y Kal 0_ =0, — 10y,

omou 0, Kkai o, ot tefleotés Pauli Tov oUVOT®O®Y TOU O Kata 1ous d§oves T Kat y.

Av ot mivakeg twv 64 Kat 6_ glvat
o) = 01 Karo- = 00
TTlooo 110

0y —0_
2i

a) Na beiydei ou
04+ 0- B

Op=———, Oy =
9 y

B) Na Bpedovv o1 mivakeg 1oV 1e/€0TwV 0, Kat 0, Kat ot 1SI0TUES Kal Ta t61061avUouara toug.

12.2 qg) O1 mivakeg TV OUVIOT®O®V TOU OTV YlA £VA OOUATIO0 UE OTTLU 3 glvat

B) Na bexdei ot yra toug tefleoteg avabibaong kat petabi6aong

0 V3 0 0 0 0 0 O
5_10020;%5_\/3000
TT2l0 0 0 V3 10 2 0 0
0 0 0 0 0 0 V3 0
S+X)\1:CX)\2
oY UEL
S_X)\SZCX)\4
onou

)\2:)\14-1 Krat )\42)\3—1

Kat ¢ otadgpa n onoia va Bpedel.
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