8.12 Ke6aviopnyavikn

Zinv KBaviopnyxavikn, évav amno toug dspediddelg topeig Ing ouyxpovng PUOIKLG, TTOU ATTOTEAEL OU-
Ol00TIKA 11 (PUOLKL TOU PIKPOKOOHOU, Td QUOIKA Heyédn maplotdvovial pe YPAPHIKOUG TEAEOTEG OTO
dlavuopatiko X®wpo Twv Kupatoouvaptioewv. Emnopéveg, 1 Fpappikn AAyeBpa eivat anapaiintn oe
orto1ov 9éAel va aoyoAnOei, £0t® Kat otoixelwdng, pe tnv KBaviounyaviky, adgou akopa Kat ta agiopatd
G MEPIEXOUV APKETEG Evvoleg [pappikng AlyeBpag.

Zinv xkBavuky de@pia TOU OV PePIOVIOV 1 Kataotaot) evog ocopatdiou (r.x nAektpoviou) reptypdadetat
aro éva diavuopa-otAn §Uo piyadikov aptdpov

C
XZ[ C; :| Cl,CQEC, ne ’Cl|2+|62’2:1

KAl 01 TEAEOTEG TV AVIIOTOIX®V PUOIKOV HEYED®V €ival YPAPIIKES ATIEIKOVIOELG OTO §1aVUOHATIKO XHPO
C? xat naplotavoviatl amno 2 x 2 mivakeg pe pyadikd otoyeia. Ot rivakeg 1oV TEAEOTOV TOV OUVIOTROOMV
tou oruv (1] tedectwv pauli) eivat

01 0 -2 1 0
01—[1 0:| 0'2—|:Z, 0] 03—[0 _1:| [8.4)
Xpnowporotlouviat ertiong ot tedeoteg avabiBaong kat kataBiBaong
0 1 0 0
0'+—|:0 0:| U—[l 0] (8.5)

H ewova evog daviopatog X yila évav orv-tedeotr) s, rou oupBoAiletat pe sX, eivat 1o ywvopevo tou
avtiotoyou mivaka eri 1o Sidvuopa-otAn Kupatoouvaptnon. Ia nmapddeiypa, ya éva @eppiovio pe
OITV KUPATOOUVAPTHOT)

01 TI00OTNTEG AUTEG £ivat

- /3
71X [(l)g)] - 21]
v

09X

IMapadewypa 8.42 a) Na Seiydei Ote:

-

U+X+:0, U+X_:X+, O-_X+=X_, O'_X_=6

xo=[ g | - [0]

onou
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B) Na deixdei ot yra toug tefeoteg tou omiv (8.4) oy vet:

i) ot + 02 +02 =31,
onou I n tavrouky) arneucovion (I X = X, yia kade X).

i1) e 3k Gy = )y BEE g

omou 0 n undsvucn areucovion (0X = 0, yia kade X).

Avon
a) Zupgeva pe my (8.5), ot elkdveg tov dravuopatev X, kat X_ yla toug tedeotég o, Kal o— givat

o [
[
SN HIHE

B) i) Emiong, oupgeva pe v (8.4) ot miivakeg O'%, O'%, 032, etvat

R ERT R
S Y R R ERY

omdte 0 THvaKag ToU TeAeoTH} 07 + 05 + 03 etvat

RRIRERTE ERIE

orou I 0 2 x 2 povadiaiog mivakag. Ernopévag

O'%+O‘%+O'?2’=3I,

orou [ 1 tautotikr) arteikovion ([X = X, yia kébe X).
i1) @a &ei§oupe ) oxéon yua i = 1 xat j = 2.
Zupgeva pe v (8.4), o mivakag Ing YPARHIIKNG AMEIKOVIONG 0102 + 02071 €lvat

L
o]

OTt0TE o109 + 09071 =0,

0109 + 0201

ortou 0 n pndevikr ameikovior.
'‘Opota yiverat i anddedn kat yia 1g dAAeg meputimoetg.

Av kat tapdevn, avw sivar n yAwooa g K6aviounyavikrg, n omoia sivat n povadikn Jewpia
DUOIKNG TTOU EPUNVEVEL TA GALVOUEVA TOU UIKPOKOOUOU.
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Zinv KBaviopnyavikr n évvola tov 1810tpev Kat 18todtavuopdtev eivat oAy Baokr. Ot duvatég
TIPEG TIOU TIPOKUIITOUV AITO Tr| PEIPN 0T EVOG PUOIKOU PEYEDOUG (TT.X EVEPYELA, OPHT], OTPO(OPUT) ival Ot
1810T1€G TOU aviiotolou tedeotr] (YPaPKL AnelKovion) Katl ta aviiototya dtodiaviopata avilototxouv
0€ KATaoTAoElg OTIG OTT0ieg Pia PETPN O TOU PeyEBOUG aUToU yid T0 oopnatidilo divel tnv aviiotoixn 6lotr)
Kat tg ovopdloupe 1610KATACTACELS.

I Yewpia TOU OV @EPPIOVIOV, Ol PETIPOUPEVEG TIHEG £VOG QUOIKOU peyeboug eivatl ot 1810T1EG Tou
avtiotolyou rivaka 2 x 2.

IMapadewypa. Ot Suvatég tpég g evEPYElag evog @epptoviou péoa oe payvnuko nedio B = Byé,
etvat o1 1810T1HEG TOU TeEAEOT) NG EVEPYELAG

1 0

EZCBQO';),:CB()[ 0 -1

:| c otabepa

TOU OTT010U TO XAPAKTINP10TIKO MTOAUGVUHO givat
Pr(X) = (cBo = A)(=cBy = A)
oTIOTE O1 HUVATEG TIHEG TNG EVEPYELAG TOU PePHIoviou eivatl (1I810TIHEG TOU H)

A=cBy xat \ =—-cBy.

IMapadewypa 8.43 Na Boedouv o1 duvatég Tueg mg evepyetag evog niektpoviov mou Bpioketat
uéoa oe uayvnuo nedio B = ByZg, onote o tefeotrg evepyelag tou givat

0 1] c otadepa

ﬁ=CB()O'1=CBo|: 1 0

Kat oL avtioToLy(eg 1010KATAOTAOELS.

Avuon
Ot duvatég TEg NG eVEPYELAg TOU NAEKTPOVIioU eival ot 1810T1HEG TOU TeAeoTr) EVEPYELAG, Ol ortoieg eivat
pideg TOU XAPAKTINPIOTIKOU TTIOAUMVUHOU

- CBO
CBQ -
<~ )\ZCBQ ﬁ )\:—CBQ

|H-M|=0 < =0 & A2 —(cBy)?=0

H avtiotoixn g 6otupng A1 = cBy dokatdotaon

X:|:u1:| u%+u%:1

TMIPOKUITIEL ATTO TO CUCTHHA

P 0 cBy up | u1
HX—)\lX <~ [CBO 0 ][UQ]_CBO[U :|
o | ¢Bouz | _| cBom
cBgu1 - cBou2
< cBouj = cBous < u1 = us
2

orote, A6y® Kat Tou 6t ud +us = 1,

Uy =ug =

Sl

111
Kat 1 avtiotoixn dlokatdotaon sivat X = — [ :|

V2|1

1 1
'Opota IPOKUITTEL OTL 1] avtiotokn tng Wotpng A = —cBy 18okatdotaon sivat Xo = ﬁ [ 1 ]
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8.13 Ed¢appoyeg pe Matlab

Me 1) PBorjfeia tov eVvIoAGOV yla Tpdagelg rmvakev rou divovtat oty Evotnua 14.5 prmopovpe va ara-
VI)OOUPE EUKOAQ £POTIATA OTI®G OTO EITOPEVO ITAPAdeEy .

Mapadewypa 8.44 Na Bpedel 0 TUNOG THS YOAUUIKNG ATELKOVIONG
f:Rg _>R2 f(xayaz) = (Q?-y,.’]f—i-Z), Il?,yER

®¢ mpog 11g Baoelg
€1 =(0,1,0), & =(1,0,-1),é = (0,1,1) ou R?
Kat & =(1,1),& = (1,0) ou R2.
Avon

O mivakag g YPappIKG arneikoviong [ oG mpog g ouvrBeig BAoElg Twv R3 xat R? givan

1 -1 0
A‘[l 0 1]

Kal ol Tivakeg petdBaong amo Tig Kavovikég Baceis wov R kat R? oug Baoeig €], €y, € kat €], €, tou
etvat

0 1 0 11
P=]11 01 Kat Q:[l 0:|,
0 -1 1

oTtote oUpPP®va pe Vv [pdtaon 6.20 o mivakag mg f g mpog tg Bdosig autég sivat
B=Q'AP.

'E101 Xp1o110TI010UE TIS EVIOAEG

A=[1 -1 0; 1 0 11;

P=[0 1 0; 1 0 1; 0 -1 171;
0=[1 1;1 0];

Qinv=inv (Q) ;

B=Qinv*AxP;

disp (B)

aro TNV EKTEAEOT] TV OTIOI®V TIPOKUITIEL :

Apa, o turnog g f ®g mpog tig Bacelg autég eivat
fay' 2 = (& -2 +y - 22).
O 161otiuég evog Tivaka a (Tou xel eloaydel Ue Tov Yyv@oto tpomo) oto Matlab mpokurTouv pe v
evtofin
eig(a)

nou iver 1ig 1b1otiusg otov mivaka d. Ta avtiototya ibiobiavvouata v; TEOKUTIoUY and tm Avan
IOV OUOTNUAT®OV
av; = d(i)v;,

TIOU UTIOPEL va YIVeEL e TG EVTOAEG ToU emduevou apadetyuatog (BA. Evotnta 14.5).

IMapadetypa Ot WBloupég kat ta aviiotoya povadiaia 1do0diaviopata tou mivaka
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TMIPOKUITIOUV 1€ TIG EVIOAEG

a=[512; 03 0; 215];
syms X y ZzZ;

v=[x;v;z];

d=eig(a);

n=size (d);

for i=1l:n

u=solve (a*xv—-d (i) *v) ;

disp(’")

sprintf (' eigenvalue:%$f’, d(i))

sprintf (' eigenvectors: (%s,%s,%s)’,char (u.x),char(u.y),char(u.z))
end

ATIO NV eKTEAEOT TIPOKUITIEL:

eigenvalue: 7

eigevectors: (z1,0,z1)
eigenvalue: 3.0000

eigevectors: (- z2/2 - z3,2z2,23)
eigenvalue: 3.0000

eigevectors: (- z2/2 - z4,z2,z4)

AT Vv eKTEAEOT] AUTH) TIPOKUITIEL OTL O TIVAKASG AUTOG EXEL:
> Tnv arAn W8oupr dp = 7 pe aviiotolxo 1810Xmpo

V(7) ={z1(1,0,1), 21 € R} = span(1,0,1).

> T &umdr) 8otpn ds = ds = 3 pe avriotoiyo 1610X0po

V(3) = {(—% —Z4,2’2,Z4) = 2—22(—1,2,0) + 24(—1,0, 1), 29,24 € R}

span[(-1,2,0),(-1,0,1)].

Or 1botipéc kar ta povadiaia (Lrpou povadag) tbrodravvouata evog Tivaka a mPOKUTTIOUV UE TNU
evtofin
[V,D]=eig(a)

n onola 6ivel w¢ mivaxa D 1o diayodvio mivaka mou gxel 0tnv S1ayduio Tig 1OI0TUEG Kal ¢ Tivaka
V' tov mivarxa mou éxer wg otAeg ta avtiotoya povadiaia ibrodravvouara, onote

D=V"1aV.

IMapadetypa Ot 18otpég kKat ta avtiotoa povadiaia 18108iaviopata tou mivaka a tou rponyouHevou
rapadelypatog POKUITIOUV e TIG EVIOAEG

a=1[512; 030, 215];
[V,D]=eig(a)

ATIO NV eKTEAEOT TIPOKUITIEL:



6

§8.13. E®APMOTEZ ME MATLAB

VvV =
0.7071 -0.7071 -0.0129

0 0 0.8994
0.7071 0.7071 -0.4369

D =
7.0000 0 0
0 3.0000 0

0 0 3.0000

Me 11g eVioAgg

vinv=inv (V)

g=vinvxaxV

Aro TNV EKTEAECT] TV OITOIOV TPOKUITIEL :

vinv=
0.7071 0.3536 0.7071
-0.7071 0.3333 0.7071

0 1.1118 0
q =
7.0000 0 0
0 3.0000 0
0 0 3.0000

ertaAn®evoupe ot D = V- 1aV.

Iapadewypa 8.45 Ot abapeic pa66or AB kat I'A tou Zxrjuarog 8.22 eival TaKIWULVEG 0Ta AKPa
oug A kat A, gépovv onueiaxd goptia my = 650 kg kar mg = 480 kg ota dxpa toug B wat I’
Kar ovvbeovtar ue efatnpio otadepag k = 2kN/m. Av ot mivakeg buokauyiag kar paiag tou

ouoTnuarog tvat
932,81 -2000 mp O
K= ! M =
[ 2000 596,3 ] o [ 0 me ]
va Bpgdovv:
a) Ot 16100UxVOTNTEG W; KAl Ol AQUTIOTOLYEG LOIOUOPPES P, Yia TG OTLOLES

(K -w’M)@; =0 (i)

OToU 10 6EUTEPO OTOLYELD TV LOIOUOP POV va glvatl povada.
B) O ovvigfeoteg Siéyepong Ly, mou opidovtar wg

1
L; :@ZTM[ | ] (id)
y) Ot yevikeupgveg pales m; , wou opidovtar wg
m; = gf M. (iit)
6) O mivakag evepywv duokauwiov K™, mouv opifetar wg
K*=3d"M®, (iv)

omou @ mivarag mou Exel @G OTNAES TIG TAPATAVE® LOIOUOPPES P

A

AN
3

Zxnpa 8.22 To ovomua tov Mapabetyuatog 8.45




Aton
Agou opiooupe T1g oupBoAkeg PeTaBANTEG Katl aroBnrevooupe ta Sedopéva o PeTaBANTEG:
> Auvoupe Vv e§iowon
det(K —qM) =0, oérou g = w?

ané v oroia MPOKUITIOUV 01 TIHEG TOU ¢ KAt Ol avIioTolXeg 18100UXvOTNTeg W = /(.

> Xt ouvéxeld, yla Kabe Tipn ¢; Iou IPOKUITIEL A0 TNV MAPAIIAVE £510®01 AUVOUHE TO AVIioTO1X0
ovompa (K—-g;M)@; =0, (to onoio eivat adpioto) 9étoviag povada to §eUtepo otoiyeio kKAbe 1510p0pPHIg
&

» Katormy, unodoyi{oupie T0UG OUVIEAEOTEG H1EYEPONS, TIS VEVIKEUPEVEG 1ALEG KAl TOV TTIVAKA EVEQYOV
Suokapyiov ano ug (ii) — (iv).

% dedomena

ml=650;

m2=480;

M=diag ([ml m2]);

K=[932.81 -200; -200 596.3];

% (a)

syms fl f2 x real

syms g positive

% euresh idiosyxnothtvn kai idiomorfwvn
rrr=det (K-qg=*M) ;

idiosyxg=solve (rrr) ;

n=length (idiosyxq) ;
idiosyxw=idiosyxqg.1/2);

for i=1l:n

A=K-idiosyxqg (i) *M;

B=Ax[fl f2]’;

s=solve (B(1l),B(2));

sl=s.fl;

sll=subs(sl, x,1);

f=[s1l1l 1]’;

F(:,1)=f;

sprintf(’\n Idiosyxnothta w$d=%f’,i,eval (idiosyxw(i)))
sprintf (‘\n Idiomorfh £%d=(%f,1)’,1i,s1l)
end

% (b)

for i=1l:n

f=F(:,1i)";

I=[1 11’;

L=f«Mx1I;

sprintf(’\n Syntelesths diegershs L%d=%f’,i,L)
end

% (c)

for i=1l:n

f=F(:,1);

m=f’ xMx£f;

sprintf(’\n Genikeymenh maza m%dx=%f’,i,m)
end

% (d)

DysK=F"' «MxF;

disp ("Kx=")

disp (DysK)

A6 Vv €KTEAEOT] TOU IIPOYPAPHATOS AUTOU ITPOKUITTEL
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Idiosyxnothta wl=1.307478

Idiomorfh f1=(-1.121299,1)
Idiosyxnothta w2=0.983811

Idiomorfh £2=(0.658577,1)
Syntelesths diegershs L1=-248.844090
Syntelesths diegershs L2=908.075090
Genikeymenh maza mlx=1297.251859
Genikeymenh maza m2%x=761.920436

Kx=

1.0e+03 =*

1.2973 0.0000

0.0000 0.7619

IMapadewypa 8.46 O: Suokauyieg tovV abap®v pdEdwv Tou Zxnuarog 8.23, mou eival TaKTOUEVES
ota axpa toug A kat E, givai

k1 =4220kN/m, ko =13010kN/m xat ks=16920kN /m.
Emiong, ot pa6éot egpovv onuelaxad eoptia my = 7,6 tn, mg = 5,1 tn xat ms = 8,2 tn ota akpa
toug B, I' kai A kai ouvbéovtar petalv toug ue efanpio otadepag ko = 17220 kN /m. Av ot mivakeg
dvokauyiag kat pafag Tou oUCTHUATOg glvat

kl + kz —kz 0 ma 0 0
K= _k2 k?() + k‘2 —k‘o kar M = 0 mso 0
0 —k() ko + kg 0 0 ms
Na Bpedovv:
a) Ot 16100UxVOTNTEG W; KAl Ol AUTIOTOLYEG LOIOUOPPES P, YIA TG OTLOLES
(K -w?M)@; =0 (i)

OToU 10 TPiTo otoyelo Kade 1010U0p PG va ivat povada.
B) O ovvigfeoteg Siéyepong L;, mouv opidovtar wg

1
Li=@; M| 1
1
y) Ot yevukeupgveg puadeg m; , mou opidovtat @g
m; = ¢l M@,;.
6) O mivakag evepywv duokauwiov K, mouv opiletal wg
K* ="M,

omou ¥ mivarxag mov £xel w¢ OTNAES TI¢ TAPATAV® OIOUOPPES P;.

A
[7777
Zxnpa 8.23 To ovowmua tov Mapabeiyuatog 8.46




Aton

Av Ypnotpornor)ooupe v Stadikacia tou poypappatog tou Iapadetypatog 8.45 s mpoxkuritel AUOH TOU
adpiotou ouotpatog (7). Auto opetdetatl oto ot ot 1610tpég oty nepintwon auvty etvatl dppnteg Kat yla
1 AUOI TOU CUCTHPATOS Xpnotponoteitatl  6ekadikn T0Ug IPOoEyyior. AUto Snpioupyel UTIOAOYIOTIKY)

apl®pnukn aotdBela avtiotoixn g arpocdloplotiag 0 'Opeg, oupgeeva pe myv Evotnta 3.6, yua va
AUooupe auto 1o ouotnpa apket va Avcoupe 6U0 aro g e§10woelg ToU (Y. v npotn Kat deutepn) ©g
ipog &uo ayvwortoug (r.x. f1 xkatr f2) &ivovtiag otov tpito dyveoto (f3) pia tpn (. f3 = 1). 'Etot, ta
EPWINIATA TOU MAPAdEYPATOG ATIAVIOVTIAL PIE T0 IIAPAKAT® MTPOYpappd.

syms fl1 f2 £3 real

syms g positive

k0= 5220;

k1=4220;

k2= 3010;

k3= 6920;

ml=7096;

m2=5100;

m3=8632;

K=[kl+k2 -k2 0; -k2 kO+k2 -kO0; 0 -kO kO0+k31];
M=diag ([ml m2 m3]);

3 (a)

idiosyxg=solve (det (K—-qgx*M)) ;
idiosyxw=idiosyxqg.1l/2);

n=length (idiosyxq) ;

% ypologismos idiomorfwn

for i=1l:n

A=K-idiosyxqg (i) *M;

B=Ax[f1l f2 £3]1';

[ff1 ff2]=solve(B(1l),B(2),f1l,£f2);

£3=1;

ffl=eval (f£f1);

ff2=eval (f£2);

F(:,1)=[ffl ff2 £3];

sprintf (‘\n Idiomorfh f£%d=(%f %$f %f)’,i,ffl,ff2,£3)
sprintf(’\n Idiosyxnothta w%d=%f’,i,eval (idiosyxqg(i)))
end

% (b)

for i=1l:n

f=F(:,1)’;

I=[1 1 1]’;

L=f«Mx1I;

sprintf(’\n Syntelesths diegershs L%d=%f’,i,L)
end

% (c)

for i=l:n

f=F(:,1);

m=f’ xMx£f;

sprintf(’\n Genikeymenh maza m%dx=%f’,i,m)
end

% (d)

DysK=F' «MxF;

disp ("Kx=")

disp (DysK)
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aro T AUoT TOU OTI010U TTPOKUITIEL

Syntelesths diegershs L3=9508.314243
Genikeymenh maza ml%x=20822.372837
Genikeymenh maza m2x=23259.036962
Genikeymenh maza m3%x=10741.849398
Kx=

.0et+t04 =«

.0822 0.0268 0.3662

.0268 2.3259 1.1179

.3662 1.1179 1.0742

o o N

8.14 E¢appoyEg otn PORUMOTIKY

LG pOUITOTIKEG EPAPPOYEG O1APOopa OTEAEXT KIvOUVIAl OTO X®WPO He T Porbeia KAO0U pnXaviopou,
OTIOTE TO TIPMTO MPAYHA TIOU £ival anapaitnto eivat o kabopiopog g YEong Katl T0U IPOcavVATOAIoHOU
KAOe otedéxoug pe ) PorBela evog ouotpatog ouvietaypévav. H addayr) tng 9éong kat tou mpooavato-
AloP0U €vog OTeAEXOUG Yivetatl pe T Bor|feia vAK®Y, TIOU TIAPIOTAVOUV YPAPHIIKEG ATIEIKOVIOELS, OTIOG

1 petagopd Kat 1 otpodmn.

KaBopiopdg 901G Kat npoocavatoAiopou
O mpooavatoAlopog g 9€ong Kat ToU IMPOOAVATOAIOPOU evog OtedéXoug yivetat pe ) Porbeia evog
akivrtou ouotfjuatog avagpopdag Oxyz. 'Exoviag opioet éva axkivrto cuotnua avagpopdg U Oxyz, n 9éon
evog onpeiou A evog otedéxoug kabopiletatl and to didvuopa Séong tou wg npog to U,
zg)
Ty = 0—1)4 = yé
2
Ia va kaBopicoupe ) 9€on evog otedéxoug oto Xwpo dev apkel, PeBaing, o kabBoplopog tng 9€ong tou
onpueiou A, kabag to A unopei va Bpioketat o pia dedopévn 9¢on yia AMelpoug mPOoAvAToA1IoP0US TOU
otedéxoug, aAAd amnatteital Kat o PooavatoAlopog Tou, ToU oroiou o Kaboplopog divetatl otn ouveExeld.
Av Tipooaptrjooupie 010 OTEAEXOG €va ouotnua avapopdg V, 1dte o mpooavatoAiopdg tou propei va
KaBoP1oTEl ATTO TG CUVIETAYHEVES, MG ITPOG TO aKivhto ouotnpa avapopdg U, tov povadiaiov diavuopatev
KAtd PnKkog tewv agdvev tou cuothpatog avagopds V' (BA. Ixhpa 8.24) 6ndadr and pia ypappik
AMEIKOVIOT] TIOU TIAPIOTAVETAL AT €vav Tivaka 3 x 3 (mivaka otpoprig TOU CUCTHHIATOS avadopds ©g
pog 1o akivnto cuotua avapopag U) pe otldeg 11§ ouvietaypéveg tov povadiaiov diavuopdiev tou
ouotpatog avapopds V' wg rpog to ovotnpa avagopdag U.

Zxnpa 8.24 [Npooaptnuevo oUOTNUA AvaPopds POUTIOTIKOU OTEAEXYOUS
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Iapatfpnon 8.10 I'a ov mpoobiopioud g 9€ong Kail ToU mPooavatoAloUoU V0§ AVTIKEUEVOU
ooV xwpo opilouus My évvota tou avtiotoryou mAatoiov V, w¢ va ovvoflo 4 Savuoudiev, ta
omnola givat:

> 70 Sravuoua 9¢ong, g TMPog Eva axivnto TAaio avapopdg, VOg ONUEIOU TOU AVTIKEUEVOU,

> évag mivarag 3 X 3 moU Exel WG OTNAES TG OUVTETAYUEVES, &G Tog To tAaloo avagopag U,
TV SlAVUOUATOV KAtd UNKog Tov afovmv TOU TPOOapTNUEVOU OTO AVTIKEIUEVO KAPTEOLAVOU OU-
otuatog avagpopag V' kat Aéystar mivakag orpogng tou miaigiov V w¢ mpog 1o mAaiowo U 7 wiva-
rag mpooavarofiouov tov tAaioiov V w¢ mpog 1o mAaiowo U.

Me tov 1610 tporo yiverat n meptypadn g 9€ong Kat 10U MPOCAVATOAITHOU TOU TMIPOCAPTHHEVOU OU-
otHHatog avapopdg evog otedéxoug oe pia 9éon B wg mpog ) 9¢on Katl tov mpooavatoAlopo tou o pia
AaAAn 9éon A 1 pe dAAa Adyia n meptypadr| evog mAaiciou oe oxéon e éva dAAo mAaioto.

Am6 1oV 0p10110 TOU TTivaKa OTpoPpng IPOKUITIEL OTL:

Mapatipnon 8.11 ¢ uia orpogn kade onucio M w¢ mpog éva miaioio A uetatornifetar oto onue-
io M', omou

74 = Ri4,
R o mivaxag mg otpopric kai 7 4, Ff4 o1 Tvakeg-otNAN TV oUVTETayuéveov T onueiov M xar M’
oto ovotnua avagpopag A.

Ovopadoupe petagopa otov XOPo T Petatdrmor] Kabe onpeiou Katd to urKog Kat t) dievbuvon)
evog dedopévou Sraviopatog.
Te pia petagopd katd 1o Sidvuopa (mivakag-otAn) éva onueio M petatormtidetat oto onueio M,
OIt0U

Ff4 =d+7 A
KAl 74, Ff4 o1 Mivakeg-0THAN TV cuvietaypévey Tov onueiov M kat M’ oto ovotnpa avapopdg

A.
Erniong and ta napandve mpoKUIttel OttL:

Hapatipnon 8.12 Z¢ uia petagpopd kat otpodn) éva onueio M ue ovvietayuéveg T4 @¢ mpog éva
nAaioo A ustatonifetar oto onueio M’ omou
Fu=d+R7s
—_
rat d 1o ddavuoua (tivaxag-otan) kard to onolo yivetat n puetapopd, R o mivarxag tng otpoprg
Karra, Ff4 ta Stavvouata-oman v ovvietayuévaov tou onueiov M kar M’ w¢ mpog 1o miaioto
avagopag A.

Am6 v Evotnta 5.5 npokurttet :

Hapathpnon 8.13 To ywouevo vog mivarxa otpo@ric R ue éva didvuoua i 10U xwpou eivat 1o
Siavuopa U’ mou mpokUmtel ano m 6ebouévn oo Tou U,

@' = Rii
AnAadn, o mivaxag orpopric R evdg mAaioiov A, wg mpog éva aidfo tAaioo B, otpépet pue tov 610
7000 KAde HLAVUOUA TOU X DPOU.
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ZA

=Ny

Ixnpa 8.25 Zpopn Siavuoudiov
Emiong 1oxuet

IMapatpnon 8.14 Av éva didvuoua 1 tAaiolo urootel U0 §taboxikés otpopes mou ekppalovial
ano 1oug mivakeg R kar Ry, 10te 1 9¢0m T0U w¢ Mpog To akivnto auotnua avapopdg dlvetatl ano
oV Trivaka

R=RyR,.
Zuvoyidovtag:

Hapathpnon 8.15 H 9éon kat 0 mpooavatoJiouog evog AVTIKEUEVOU, &S TOOG £va aKivnIo oUoTn-
ua avagopag U, anoteflovv éva mfaiow V' mou mepryodgetal amo:

> 10 Sravvoua 9éong 1?’0) evog 6e60UEVOU ONUEIOU TOU QUTIKEUEVOU, WG TLPOS TNV apxn TOU akivn-
Tou ouotnuarog avagopdg U,

> fvav mivaka ER = [rij] nou Agystal mivaxag orpogr¢e ToU CUOTILATOS avapopds V ¢ mpog 1o
ovomua avagopag U, tou onolou ta ototyeia sivat

rij = € '€ (8.6)

omou €;, i = 1,2,3 ta povadiaia Sravvouara kard unrkog v afovev ToU akivniou oUoTHUATOS ava-
eopag U Kal’e‘;-, J = 1,2,3 ta povabiaia dtavvouara kata unkog tov afovwv T0U TPOOapTNIUEVOU
oto avtkeiuevo ovotnyuatog V. Andaén, o mivaxag R £xel ¢ otNAeg TI¢ OUVTETAYUEVES WG TOOG TO
U wov povadaiov dravvoudrov ov V. Adye tov taparndve, yia to tiaioo V' ypnoiuonolovue tov
ouuboiouo

V= {Fo’, UR}.

omou 1?’0) 70 Sravuopa 9éong g apxns TOU CUCTHUATOS avagopds &¢ TPOog T0 aKivnto oUCTHUA
avagopdg.
‘Ouota, n 9¢on kat o mpooavaroAioudg evog mtAatoiov B w¢ mpog éva afio mAaiowo A meprypagetal
ano:

> 10 bravuoua 9€ong Py, wg mPog 1o A, evdg onueiou tou B, T.x. ¢ apxric 10U mpooaptnuEvou
oUoTNUAtog ava@popdg,

> oV Tivaka oTtpoPng gR TOU TPOOoapInUELVOU 010 B ouotiuatog avagpopds &g meog 10
ovotnua avagopdg tou riaiciou A.

Ty nepintoon avin Aéue ot 1o miaiowo B mpokunier ano wAaiociov A ue pustapopd kard 1o Siavu-
oua po Kat otpo@n Kard Tov mivaKka ’gR.

Ot mivakeg otpodng eivat opboywmviotl mivarkeg (wg mivakeg petaBaong petadu opboywviwv Baocswv, BA.
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Evotnta 11.2), ortdte o aviiotpodpog evog mivaka otpodrg eivatl 0 avaotpopog tou. AuUto onpaivel ott:

Mapatpnon 8.16 O mpooavatoAioudg evog maaioiov B w¢ mpog €va maaioo A meprypapetat
amno v avdotpo@o ToU TvaKa ToU Tpocavatofiouot v tAaioiov A wg mpog 1o miaico B.

» To mAaiolo B tou ZxAuatog 8.26 mpoKUITIEl ard oTpodr) ToU mAatciou A.

(a) ®
Ixnpa 8.26 To nAaiowo B mpoxuntel anod otpopr tou tAaiciou A.

> To mAaioclo B tou ZxApatog 8.27 mPoKUITIEL A0 PETATOIOT] KAl OTpo¢r) ToU mAatciou A.

Zxnpa 8.27 To mAaiowo B mpoxunter anod pstardmnion kat otpopr tov wiaiciou A.

Hapathpnon 8.17 Ano 10U 0ploUd TOU TvaKa ateo@rg TPOKUTIEL OTL:
» Av 10 tAaioo B mpokuniel and ustapopd tov niaiciov A kata to Siavvoua i (BA. Sxnua
8.28a), 10te 01 oUVTETAYUEVES

zTA TR
Ta=| ya Kar T =| YB
zZA ZB

gVO¢ ONUEIOU TOU X@MPOU ©¢ Tpog Ta dUo Tiaiota ouvdcovtal Ue T oxEon
T4=Tp+U (8.7)
> Av 10 mAaiowo B mpokumnter and otpogn tou maaioiov A (BA. Zxnua 8.286), tote 0xvel
Fa=8 R7p. (8.8)
onou ER o mivaxag otpo@ri¢ tou Aatoiou B w¢ mpog 1o mAaiowo A.

> Av 10 Aaiowo B mpokumier and pstapopa tou miawsiov A kata to Siavvoua U Kkat oteo-
@1 ToU Kata Tov mivaka otpopng ﬁ R, w0te (BA. Zxnpua 8.29)

Fa=tu+5R7p (8.9)
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(o) 8)
Ixnpa 8.28 a) Metagpopa ) otpopn mAaioiou

ZxfApa 8.29 To mAaioo B mpokuUnie ano ustagpopd kai otpodn tov wiaiciov A

IMapadewypa 8.47 a) Na Boedei o mivakag opo@ric katd ¢ yUpe amo tov afova .

B) To mAaioio B mpokumter ano otpogpn tou miawsiou A kata 45° yupe ano tov afova x. Na uno-
JAoyiotovv:

i) Ot ouvtetayusveg w¢ mpog 1o iaioto B tou onueiov M ue ovvietayuévee M (0,1,0) 4 o¢ mpog 1o
Aaiowo A.

1) Ot ovvteteyauéveg wg mpog 1o wiaioo A tou onugiov N ue ovvietaypéveg, N(0,0,-1)p wg
mpog 10 TAaiow B.

iii) O ouvtetaypusves wg mpog to riaiow A v onueiov M’ kar N' ota onoia petatonifoviar ta
onueia M war N wara t opopn avt.

Avon

a) Ao tn otpodr] 10U Kapteolavou cuotipatog Oz ay4z4 tou Zxfuatog 8.30 katd ¢ yupe aro tov aiova
Z TIPOKUITIEL T0 Kapteolavo ocuotnpa Orpyp2p.

Ao 1o Zxfjpa 8.30 gaivetal 4Tl 01 CUVIETayHEVES OGS TIPOG T0 ouotna A tev povadiaiov dtavuopdtov
€,,€,, €, Tou ouotpatog B etvat

—_

= 61,

COS ey + Sin pe,

LS SL
I

= —sinyey + cos pe,
OTOTE O Tivakag OTPOPIG KATA ¢ YUp® arod tov afova x eivat:

1 0 0
R,=] 0 cosg -sing
0 sing cosep
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ZA
Ys

Zg

Y

Zxnpa 8.30 Zyon katd ¢ yupe amno tov afova T
B) i) O mivakag otpodng tou mratciou B g ripog 1o miaioto A, ripoxkurttet arnod 1o (a) yia ¢ = 45°

1 0 0

V2
2
2

R, =

V2

2

2

L
2 2

omoTe yld TS OUVIETAYHEVES @G Ipog to ImAaioto B tou onueiou M pe Fﬁ(l = [ 010 ]T oxuet (BA.

Txnpa 8.31q)

i =B R
orote
1 0 0 0
0 V2 V2 0 V2
iy = RN =BRTEY 2 2 L= 2
0 V2 V2 0 V2
2 2 2
Zn A Zn A
- ZA\
Xe 4 Xo ZgN '
(@) ®)

Zxfpa 8.31 Zvvietayucveg onueiov ota tiaioia A kat B

i1) Ol ouvtetaypéveg FfX tou onueiou N 1oOU €XeEl OUVIETAYHEVEG Fg oto mAaioo B eivat (BA. Zxnna
8.316)
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i1i) Zupeeva pe myv Hapatpnon 8.10 to onueio M petatortidetat oto onpeio M’ (BA. Zxrna 8.32a) pe
OUVIETAYHEVEG, MG TIPOG TO TAdioo A,

1 0 0 0
M _Bp-M_| 0 vz V2o V2
A ZAR A = 2 9 1 — 9
0
2 2 2
0 V2 V2 V2
2 2 9
Zp
ZaA
.
Yan'
“ A ‘;A
XA/ Zoe [\ N’
-1YN
@ ®)

Zxnpa 8.32 Meraxivnon twv onueiov M xat N ano otpo@n yUpw and tov afova x

T
‘Opota, 1o onpeio N pe ouvietaypéveg FfX = [ 0 @ _Q ] petatontidetatl oto onpeio N’ pe ouvie-
2 2

taypéveg (BA. Zxnua 8.326)

1 0 0o Ir o
LN’ _B p =N 0 ﬁ —Q @ 0
Ty =aRTy = 2 2 2 =1
o V2 ova || vE| Lo

L 2 2 2

IMapadewypa 8.48 a) Na Bpedei o mivakag atpogric katd ¢ yUpe amo tov afova 2

B) To Aaioio B mpokunter anod mepiotpopn tou tiaiciov A kata 37° yUpw ano tov afova z4 Kat
10 mAaiow [ ano mepiotpopr) tou mAawoiov B yupw and tov dfova x kata 30°. Na Boedovv:

1) O mivakag otpoeric tou tAaoiov I' wg mpog 1o tAaioo A.

1) O ovvtetayucveg wg mpog to miaaiow I' tou onueiov M ue ovvtetaypéveg Fi‘([ = [ -1 0 -1 ]T
w¢ Tpog 1o mAaiow A.

ii1) Ot ovvtetaypéves wg mpog ta niaioa A kair B touv onusiov N ue ovvietayuéveg

LN T .

P = [ 01 -1 ] w¢ mpog 10 mAaiow T

1v) Ot ouvtetayuéveg wg mpog to miaiow A tou onueiou oto omoio petatonifetar anod tg Vo avtég
Sradoyukeg orpopég 10 onueio K pe ovvtetayueveg Fff = [ 1 -1 0 ]T

Avuon

a) And 1 otpodr] TOU Kapteolavou cuotrpatog Oxr4yaz4 tou Zxfpatog 8.33a Katd ¢ yupe ard tov
agova z mpokurttel o kapteolavo cvotnua OrpYpzp.

Ano 1o Zxrpa 8.33a @atvetat ott o1 ouvistaypéveg @G TIpog to ouotnpa A tov povadiaiov Siavuopdtov

€l.,€ €. 1ou ouotiuatog B etvai

T VY Tz
= COS e, +sin e,
—sin @e; + cos Ye,

—_

= ez

LLSL L
I

OTOTE O Tivakag OTPOPIG KATA ¢ YUp® arod tov afova x givat:
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cosip —sinp 0
Ry=| sinp cosp 0

Zn A
X
: Ye
Z) /
(o

) 7 [0)
\ A
Xa Oey Ya

(@) 8)

Zxnpa 8.33 Zoopn katd ¢ yupw ano tov afova z

B) i) O mivakag otpodng tou mAatoiou I' og ripog 1o mhaioo A eivai
AR =p Ry 3R-. (i)

OIT0U AJ‘?R o mivakag otpopng tou rAatciou B wg mpog to mAaicio A kat ER 0 Tiivakag oTpoprig ToU
rmAatoiou I' og ripog to mAaiocto B. O mivakag f R, mpoxurttet ano to (a) yua ¢ = 37°

cos37° -sin37° 0 0,8 -0,6 0
BR.=| sin37° cos37° 0 |=| 0,6 0,8 0
0 0 1 0 0 1

O mivakag otpogng tou rmiaioiou ' og mpog 1o mAaioio B (rpoxkurttet pe otpodr) katd ¢ = 30° yUpe amno
ToV dgova x 4) eivat

1 0 0 1 0 0
PR.=| 0 cos30° -sin30° |=| 0 0,87 -0,5
0 sin30° cos30° 0 0,5 0,87
‘Etot, 1 (i) &iver
1 0 0 0,8 -0,6 0 0,8 -0,6 0
CR=10 0,87 -0,5 | 0,6 0,8 0 |=]| 052 0,7 -0,5 (1)
0 0,5 0,87 0o 0 1 0,3 0,4 0,87

i1) Tha g ouvietaypéveg og ripog to miaioto I' tou onpeiou M pe

A= -10 1]

oxUel
i =L RN,
orote )
0,8 0,52 0,3 -1 -0,5
il =R =L RTEY =) 0,6 0,7 04 [ 0 |=| 1
0 -0,5 0,87 1 | 0,87
i11) Ot ouvietaypéveg wg Tou onueiou N 1ou £Xel OUVIETayPEVeES xfﬂv oto mAaiowo I eivat
0,8 -0,6 0 0 -0,6 ]
VLR =] 0,52 0,7 -0,5 1 |=| 1,2
0,3 0,4 0,87 -1 -0,47 |
Ot ouvietaypéveg tou N ®g rpog to rmiaioo B eivat
1 0 0 0 0
iy =LRrRzN =10 087 0,5 1 |=| 1,37

0 0,5 0,87 -1 -0,37
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IMapatpnon 8.18 Ano ta mponyovuusva napadslypata mpoKUTIeL 0Tt Ol TVAKeS OTOOPTC EVOG
rAatoiov Oxyz Katd @ yupe ano toug afoveg T,y kat z glvar avtiotoya

1 0 0 cosg 0 sing cosp -—sing 0
R,=| 0 cosp —singp R, = 0 1 0 R,=| singp cosp O
0 sinp cosep —-sing 0 cosy 0 0 1

A0 1a Iaparndave rPOKUITEL OTL:

IMapatpnon 8.19 Av 10 mAaioio B mpokumnter and to mwaaiowo A ue g napakdio 51adoxikeg
OTPOPES:

> Kata a, yupw ano v afova T,

> xata 3, yupw ano tov afova i,

> xata vy, yup® ano v afova z,
T0Te 0 TvaKag mPOoavatofiouoy U &g Tpog to tAalow A elvai:

8R = R.R,R,

[ cosy —siny 0 cosf 0 sinf 1 0 0
= siny cosy 0O 0 1 0 0 cosa -—sina
0 0 1 -sinf 0 cosp 0 sina cosa

cosacos 3 cosasinBsiny —sinacosy cosasin 5 cosy + sin a sin -y

= sinagcos 8 sinasinSsiny +cosacosy sinasin 5cos~y — cosasiny

—sin 3 cos 3 siny cos 3 cos 7y



