Kepaiaw 1

ExOeT1K1] ouvaptnon nivaxka Kat
EPAPNOYES TNG

‘Aornon 13.1 Na Bpebei o mivakag & yla Tov mivaka

4+10—7ri 2+4—7Ti
3 3

A=

1+2—7ri 3+8—7Ti
3 3

a) Ot 16rotuég tou mivaxka A mpoxurttouv anod v egiocwon

4+10—7T2'—)\ 2+4—7T2'

det (A-M)=0 < 3 =0 o AN =2+27m wat Ay =5+4mi
27, 8 .
1+—1 24 —i-A
3 3
Mze tov tpormo g Evotntag 9.1 mpoxurtet 0Tt o1 1I510X0P01 TV 1810TIHOV AUtV ivat
V(2+4mi) = {(k,-k): ke R} =((1,-1))
V(5 + 5mi) {(2k,k): ke R} =((2,1))

orote oupgeva pe v Ipdtaon 9.5, o A sivatl S1ay®@Vionojolpog pe mivaka Imou tov 51ay®Vionolei tov

~ 1 2 4 111 -2
P—|:_11:|1<01P—§|:1 1]

Kat o 0j10106 81aywviog mivakdg tou givat o

107 . 4
1[1 o1 430 23 24921 0
_ -1 _ - =
A=P AP_3[1 1 :| 27 . & . [ 0 5+47TZ:|

1+—7 2+ —1
3 3

Enopéveg oupgeva pe v [potaon 13.2,

A e2+27ri 0 62 0
€ = 0 edrdmi = 0 &

toleyul

e2+2Mi _ p2,2mi _ 2 1 _ o2
rat

65+47Ti — 65647ri — 65 1= 65
OTI0TE

1 1 2 ez 0 1 -2
A _ Ap-1_ 2+
SRRt I |

1[ €2 +2e5 —2¢2 +2¢° ]

3| —e2+é° 2¢% + ¢°



2 3§
B) O1 1810T1pég ToU mivaka A MPOKUMTouy amo v e5iowon

47— A\ 1 . )
det(A-A)=0 < 1 9 dmio =0 < A=-1+4m 8ulp

Mze tov tpomo g Evotntag 9.1 mpoxurtet 0Tt 1610X0pog g 1810TIng authg elvat
V() ={(k,~k), ke R} =((1,-1))
Zupoeeva pe v [potaon 10.2, éva yevikeupévo 181061dvuopa 4] TIPOKUITIEL ATIO 1] OXE0T

(A= ADdy =11 = (1,-1)

1 9¢toviag g = (ug,us)

dmi — (=1 + 4mri) 1 w ] [1 ] . [ wru ] 1
-1 —2+4m—(—1+4m')Huz]‘[—1] 1 [—ul—uz]‘[—l]

, up +ug =1

n _
—UuUlp —uy = -1

OoTI0TE ug =1—-u

‘Etot, yia u; = 0 poxuIttet 10 yevikeupévo 161o08idvuopa
Uy = (07 1)
Ernopéveg, o mivakag mou petatpérnet tov mivaka A os kavoviky popen Jordan eivat o
10
P = 3 7] =
(01 0] [ 11 ]
Katl oupgeva pe v Ipotaon 2.10, o avtiotpodog tou eivat

S [1o0
P ‘[11

Zupogova pe v Ipotaon 13.5, n kavovikr pop¢r) Jordan tou mivaka e? etvat
—1+4mi  -1+4mi -1 -1
A A4 e e e e
e R G B R
o~ lHdmi _ =1 dmi _ -1 1 _ -1

A Np1 | T O][et et 1 0| [ 2! et
i =PI(T)P ‘[—1 1][ 0 et [t 1] -t 0

y) Me tov tporo g Evotnrag 9.1 mpoxurttet 6t o miivakag A €xet pia oAy idoupn, v A = 1, omote
oupgpava pe v Ipotaon 13.12

ooT

ortote

et =09 A2 + 01 A + ool (7)
OTI0U
61 = 0'2'12+0'1'1+0'0
el = 209 + 01
61 = 20’2

AUvoviag 1o cUoTnpua auto ®G IPOS 02,01, 0(), IPOKUITIEL

e 0 e

o9==, 01=0 kat op=—=

2750 01 073

orndte 1) (1) divet
. . e e e
et=-A+0-A+-I=|0 e 0
2 2

0 0 e

8) Zupogova pe to Mapadetypa 13.6, ot dotipég tou eivat A\ = 1 (6utdn), kat Ag = 2 (amdr), orou ot
durAny 16oupr) A1 = 1. 'Etot, ovpgeva pe v Ipdtaon 13.12

e = 09A% + 01 A+ 0ol (7)

OII0U td 0¢, 01, 02 UIoAoyidoviatl aro 1o ocuotnpa



KE®AAAIO 1. EKGETIKH LYNAPTHXH ITINAKA KAI EGAPMOTEEL THZ

0'2-12+0'1'1+0'0

e =

1 _
e = 209-1+0;

2 _ 2
e = 09-2°+01-2+0y

TOU 01toiou 1 AUOT TIPOKUITTEL
09 262—26, o1 = be — 2¢ kat 0o =e? -2
orote 1) () yiverat
e 2%-3e e
e = (e2-2e)A% + (5e - 2e*)A+ (2 - 2e)I=| O e? 0
0 e2-e e



‘Aoknon 13.2 Na Bpebei o mivakag et av

A:

N O Ot
— W =
(S SR )

NABOZ

Me 10V yV®OTO TPOII0 TIPOKUITIEL 0T 01 1810TIHEG Tou mivaka A sivat A\; = 3 Sumdfy kat Ay = 7 ardn
ortdte ot 161o1uEg tou mivaxka At sivat

1=3t dutdfy, A, =7t amip
Av 9e@prjooUPE TO TIOAUMVULI0
H()\) = 0'2)\2 + 0'1)\ + 0o
T0TE
e = 09 A% + 01 At + 001 (7)
OII0U ta 0¢, 01, 02 UIoAoyidoviatl aro 1o ocuotnpa

67t = H(?t) = 02(7t)2 + O’1(7t) + 0p
et = TI(3t) = 02(3t)* + 01(3t) + 0

et = I'(3t) = 202(3t) + 01(3t)
TOU 0IT010U 1] AUOT TIPOKUITTEL

4¢3t + 3% — 3¢

72 = 0612

—40e3tt — 6e3t + et
a = ~96t

84e3tt — 105e3t + 9¢
gy =

-96
ondte 1) (1) yiverat

1 1
—(60e3t + 1173 — 21e™)  — (363t + 3¢ — 3¢™)
At _ | 96 48

1 1
—(36€3t +3e3 —3e™) (24t + 11463 — 18¢™)
96 96



KEDAAAIO 1.

EKOETIKH ZYNAPTHZH ITINAKA KAI EPAPMOI'EX THZ

5

‘Aornon 13.3 Na Bpebel n yevikr) AUoT TOU CUCTIATOG

Yi = Y1ty2+ys
Y = 2y
Y5 = Y2+Y3
a) Avon oto K10 rtapad.2
O mivakag 10U CUCTPATog autou givat
1 11
A=10 2 0
0 1 1

Ot 1610t1p£g tou A TPOKUITTOUV arto Vv £5i0600T)

1-A 1 1

A-X|=| 0 2-X 0 |=(1-X) 2-A 0 =(1-M)2-M)(1-X)=0 (4)
1 1-A
0 1 1-A
ortdte o1 181o0tpeg Tou eivatl A1 = 1 (Sutdn), kat Ag = 2 (ardn).
Ta A =1, and v
1-1 1 1 1
(A-XD)v; =0 < 0 2-1 0 xo | =0 (i7)
0 1 1-1 T3
TMIPOKUITTEL TO oUCTNPA
0x1 + 29 + r3 = 0
Tro = 0
T2 = 07

10 ortoio ooduvapet pe
OTIOTE Ta AvTioTolXa g WB1oTung auvtng wodlavuopata eivat
(k,0,0), k€ R.
®¢toviag k = 1 mpoxkurtet to 1610d1avuopa
v1 =(1,0,0),

OrIoTe Pia AUon TOU OUOoTAATOSg AUToU givat 1

1
Y, =0t1e"=| 0 |e*=
0

ro =0 kat x3=0,

61‘

0
0

Zupogeva pe v [potaon 3.4, pia akopa ypappikeg avedaptnt g Y1 Auvorn eivat )

Y2 = (’5156 + ﬂ)@m,

OITOU TO U TIPOKUITTEL ATTO TNV

(A-MD)i =7
o
1), 9étovtag U = | U9
| U3
[0 1 1 ][ w 1 ug + U3
0 1 0 u9 = 0 ﬁ u9
| 0 1 0 us 0 U

onote us =0 watug=1.

‘Etot (9¢tovtag uq

1 U,2+u3:1
0] 1 us =0
0 UQZO

= 0), pila aképa, yPappikeOg avesaptntn g rnpotng, AUcT T0U CUCTHIATOG £ivat 1



1 0 ze”
Y, = 0 |z+] 0 |]|e* = 0 |,
0 1 e’

Ta avtiototxa g 8otpng Ay = 2 18odavuopata (z,y, z) tou nivaka A eivat AUOelg TOU OUCTAPATOG
(9¢toupe A = 2 oo (ii))

1-2 1 1 T -r+y+z = 0
0 2-2 0 y |=0 1 0 =0
0 1 1-2 z y—-z = 0
Ot e€lo00e1g autég divouv Y=z KAl x =2z,

omoTe 01 AUOELG TOU ouoTrpatog autou, 8nAadr) ta avtiotolxa g Ao = 2 161o06aviocparta, ivat

(2k,k,k), ke R.

®¢toviag k = 1 mpoxrurTIel v3=1(2,1,1),
OrIoTE Pia AUOT TOU CUCTIATOG £ivat 1)

2

Ys =03 =| 1 |e*.

1

Enopéveg, ovpgpava pe v IIpdtaon 3.2, ) yevikr) AUon 10U CUCTHATOG AUTOU givatl
1 x 2 c1€% + coxe® + 2c5e?”
Y = 61Y1 + CQYQ + 63Y3 =C 0 |e*+ C2 0 |e*+ Cc3 1 623C = C?,€2m

0 1 1 coe” + cge®



KE®AAAIO 1. EKGETIKH ZYNAPTHXH IIINAKA KAl EGAPMOTELX THX 7

‘Acoknon 13.4 Na uroloyiotei o mivakag @ yla Tov mivaka

-1+ 2kmi -1 0
A= 0 -1+ 2kmi -2 keZ
0 0 -1+ 2kms

Me tov 1poro tng Evotntag 9.1 mpoxurtel 6t o mivakag A éxetl pia tpumdr douur, v A = —1 + 2k7i
Kdl avtioTotyo 1810X®po tov

V(-1) =((1,0,0))

Ernedr) n diaotaon tou V() eivar 1 xat n moddardomnta g doupng A ivat 3:
> oupgeva pe ty Ipdtaon 10.3 kat v [Mapatrpnon 10.4, otnv 1810t A avtiotoyei £éva PImAok
Jordan &idotaong 3 to

-1+ 2km 1 0
Ji = 0 —-1+2kmi 1
0 0 -1+2km

> oupgeva pe v Ipotaon 10.2, oty 8loup A avuototkouv dUo yevikeupéva 18o8taviopata
U1, U ATIO TIG OXEOEIS

(A-=XD)iy =91 = (1,0,0) (i)
(A= X)tg =1y (1)
®¢tovrag 1 = (,y, 2), and v (i) mpokUITtel
1t 2kemi — (—1 + 2kmi) 1 0 . 1
0 1+ 2kmi — (~1 + 2kmi) - y =] o
0 0 1+ 2k — (1 4 2kmi) || = 0
f
0 -1 0 T 1
o 0 21| yl=]o0
0O 0 0 z 0

A6 10 oUoTPA AUTO TIPOKUTTTEL
—y=1 xat -2z=0) & y=1 wat 2=0

INa x = 0 mpokuUrTtel éva mPOTOo yevikeupévo 18108tavuopa

’ZLl = (07 17 0)
®¢tovrag s = (z,y, 2), n (i1) yivetat
0 -1 0 T 0
0 0 2|l yl=|1
0O 0 O z 0

A6 10 oUoTPA AUTO TIPOKUTTTEL
1
-y=0 a1t -2z=1 < y=0 rat z=—§
INa x = 0 poxUITiel £éva 8eUTeEPO YeEVIKEUPEVO 161081avucHia

. 1
ug = (0,0, —5)

Ernopéveg, o mivakag mou petatpérnet tov mivaka A oe kavovikr) popepr) Jordan eivat o (U7 éva 161061-
avuopa tng WBoupng A

10 0
0 1 0
0 0 L
2

Katl oupgeva pe v Ipotaon 2.10, o avtiotpodog tou eivat



1 0 O
Pl=10 1 0
0 0 -2
‘Eto1 oupgeva pe myv [potaon 13.5, n kavovikr] poper) Jordan tou mivaka e? etvan
671+2k7m' 671+2k7ri %6_1+2kﬂ—i
J(e) = Ji(-1+2kmi) = 0 o-142kmi 142k
0 0 e*l+2k7rl'
1
el o1 L1
2
- 0 et -1
0 0 et
fojleul
o~ 142kmi _ =1 2kmi _ -1 1 _ -1
onote i 1
1 0 0 el el 5671 10 0
A - |00 LS o1 oo
L0 e 00 -2
_O 0 —5 0 0 -1
[ el et el
= 0 el 2¢7!
0 0 et




KE®AAAIO 1. EKGETIKH ZYNAPTHXH IIINAKA KAl EGAPMOTEZ THZ 9

‘Aornon 13.5 Na Bpebouv 4 mivakeg piyadikaov apiBpov X yia toug oroioug 1oxUel
0 1
X2=A ¢ A=
DRER

Kal 010§ aro auvtoug ival n Kupla terpayeviky pida tou A.

Me TOV YV®OTO TPOTIO TPOKUTTTEL 0Tt 0 Tiivakag A £€xet g andég 16otuég A1 = 1 kat Ay = 4 pe avriotoryoug
18610xwpoug
V(A1) =((1,1)) xat V(r2) =((1,4))
ondte oupgpava pe v [pdtaon 9.5, o A sival d1ayevionor)oipog e mivaka rnou v 51ayovionotet tov
11 41 4 <1
P—|:14:|K(11P—§ 1 1]

Kat o 0j10106 81aywviog mivakdg tou givat o

- 1[ 4 -1 0 1[1 1 10
_pigp_1 _
A=p AP_?,[—I 1][—4 5_[1 4] [O 4]
‘Etot, 4 mivakeg piyadikéov apdpeov X yia toug omoioug 1oxvel X2 = A (tetpayevikég pideg tou mivaka

A) 8ivovtat arnd toug 22 = 4 KAGSoug g cuVApTNoNg A3 g (iv).
Ot tetpaywvikég pileg tng dlotung A = 1 eivat

t1=1xatty =-1
Katmg Ag =4
t1 =2 Katty = -2

1
Etot, anod v (vii) npokuIouy ot napakdte 4 mivakeg A;j; (AE) 1,7 =1,2,3,4:

10 10 10 10
aelos] oo 2] we[ ] w0 2]

Enopévag, ano mv (v) npoxkuret 6t 1) (i) aAnBevet yia toug mivakeg

2 1 2 1
| 33 2 -t |2t NEERE
Y=y g X*[4%] X“[43] Xy g
3 3 3 3

H xuUpla tetpaywvikr) pida tou A esivar n X mou mpoxurel and g erpayeavikég pideg 1 g ibouurg
A1 =1 (éxel 1o peyaAutepo mpaypatko pépog) Kat 2 g Ag = 4 (€xel 10 peyaAUtepo mPaypatiko PEPOQ).
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‘Aornon 13.6 Na Bpebouv 2 mivakeg piyadikov apt®pov X yia toug oroioug 10xUet

X2=A
Kal 1 KUpla TEIPayevike pida tou A

N 2i 0 6 1
a)A:[ 1 2@] 5)’4:[—4 —2]

a) Me tov tporo g Evomnrag 9.1 mpoxurttet ot o mivakag A €xet pia Sumdn 16oupn, v A = 26 ue

avtioTolyo 1610XwPo Tov

V(A) =((0,1))

'Etot, Bpiokoupe ovpgpova pe v Ipodtaon 10.2 éva yevikeupévo 181081dvuopa 4 ano ) oxéon

|

(A- )i =15

1 9¢toviag 4 = (uq,us)

s [

'Etot, yia ug = 0 ipoxuIttetl 1o {NTOUPEVO YEVIKEUPEVO 181081avuopa

i =(1,0)
‘Apa oupgpeva pe v [Ipotaon 10.1,

10

P:[ﬁlﬁ]z[o 1] onétsPlz[O 1

10

2 Aoeig g eionong X2 = A Sivovtat amno toug kAGdoug g ouvaptnong fi(A) = A%, o1 oroiot cUPPGVa

pe v [Ipdtaon 13.4 eivat
fi(A) = PJ; (AZ) Pt i=0,1
omnou oupgeva pe to apddeypa 13.37a yua n = 2,

t;
Ji (A7) = B | izon
0 ¢

KAt t; o1 TEpayovikeg pideg g 6otpng A = 24 = 2¢'2 ot oroieg eivat

T +k2m

te=V2e T k=0,1

&nAabdn ot (mpoxurttouy anod v (i4i) yua k = 0,1)

ty = \/iel%zx/i(cos%+ising):l+i
;5 5wt .. o7 .
t1 = V2el T =2 cosj+zsmz =-1-1

.. . , , 1 .
orote and v (44) MPOKUITIOUV 01 MAPAKAT® 2 rivakeg J; (AS) 1=0,1:

[ 1+ 1+7 7
[ 5

[ 120
Jl(A%) - 0 ?fﬁ :—JO(A

Ernopéveg, aro v (i) npoxkuret 6t n X 2-4 aAnOevet yla toug nivaxeg

IR

)

(4)

(i)

(iii)



KED®AAAIO 1. EKGETIKH LYNAPTHXH IIINAKA KAl EGAPMOTEYL THX 11

. 1+ 1+4 0
1+ t
X, = pJO(A%)Pflz 01 YTy A I
1 0 . 1 0 20 1+
0 1+1 4 4
) -1-1 0
Xy = PJi(A%) P71 =X - USRI
4

H xupta tetpayevikn pida tou A eivat n Xy mou npoxruret ano v tetpayoviky) pida 1+ 4 tou 2i (éxet to
HEYaAUTEPO TTPAYHATIKO HPEPOG).

B) Me tov tpéro tng Evotnrag 9.1 mpoxurttel 6t o mivakag A €xet pia SumAn 6ouuyy, mv A = —4 e
avtiotolyo 1610XwPo Tov

V(A =((1,2))
‘Etot, Bpiokoupe ovpgpava pe v Ilpdtaon 10.2 éva yevikeupévo 181o08idvuopa 4 anod ) ox€on
(A-ADu =1

1 9¢toviag 4 = (uq,us)

-6-(-4) 1 U1 1 . —2u1 + us 1 . —2uy +ug =1

4 2-(-4) H up ]:[ 2 ] ! [ ~duy + 2us ]:[ 2 ] T duy +2up =2

orote uo =1+ 2uq
‘Etot, yia u1 = 0 ipoxuIttet 1o {NToupevo YeVIKEUEVO 181081avuopa

u=(0,1)
‘Apa oupgeva pe v [Ipotaon 10.1,

P:[T;la]:[; ?] ondtaPlz[_; (1)]

2 Avoeig g eSiowong X 2 = A sivovtat ano toug KAGdoug g ouvaptnong fi(A) = A%, ot ortoiot cupPOVaA
e v [pdtaon 13.4 gival

fi(A) = P, (A%)P* i=0,1 (iv)
orou oupgeva pe to Iapddeypa 13.37a yia n = 2 kat A = -4,
P
Ji(A%) = " 29 | =01 (v)
0 t;

Kat t; ot pyadikeg tetpaywvikég pileg tng 6ouprg A = —4 ot oroieg eivat
to=2t wat t; =-21

1\ .
ordte and mv (v) MPOKUITTOUV 01 Mapakdate 2 rivaxeg J; (A3) 1=0,1:

'2, 21 0 7
Jo(A%) = B TES N I R
0 2 0 2
n(af) - | 7 T |=mn(ad)
0 -2

Enopéveg, aro v (iv) npoxurtet ot np X 2-4 aAnBevel yla toug rivaxeg
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. 1
o 2 2
1 o2 -~ 10 1
2100 o -2 1 ;3
2
5.1
-—i =i
X, = = 2 4§
=2
2

H xupta tetpayeviky pida tou A sivat n Xy mou mpokUIel ano v epayevikey pida 2i tou —4 (éxet
Yeuko paviaoctuko PEPog).



