Kepaiawo 4

’
Awavuopata
‘Aoknon 4.1
Avuon
ZUpoeeva e tov oplopo 4.11, B
cos(d, B) = Ci? .
lall Bl

Lopgeva pe my npot. 4.1,
i-f=1-0+0-1+1(-1)=-L.
Adyw g (4.7),
i = V12+02+12=V2  xat |B|:\/m:\/§

orote 1) (7) biver

.3 -1 1
cos(a, ) = =__
(.5) V2vV2 2
Enopéveg
L 3 2T
(a76) - 3 .



‘Aornon 4.2

Avon
[ToAAardaotadoviag v (i4) et vo kat rpoobétoviag Katd péAn pe my (i), POoKUITEL

37 -3a+25-2B+4F +4a -2 - 2B =7+ 20,

ig| 733:—a+45+a+25,

orote 1 1 4. 1. 2
== (—a+4B8+75+20) = -G+ —[ + =7+ =96.
F=o(-a+4B+q+20) =+ B+ A+ T

'Etot n (i) &tver

j = 25+2a-F-6
1. 4. 1. 2. -
= 2(-Za+-B+=7+286)+2a-5-¢
( 7a+7ﬁ+77+7 )+ a-0
12 1- 2. 3.
= —a+-F+-7-26.
1 A A
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‘Aornon 4.4

Avon

Exgpalouue oia ta 6ravvouata mg (i) &g yoauuiko ouvbuacuo twv S1avuoudiov Iong, wg
mpog gva anueio avapopadg O, twv kopugav A, B, T, A.

KB+KA = OB-OK +0A-0OK

- OB+O0RA-20K
Enedn) 1o K etvat péoov ng AT,
20K = OA +OT.
Etoy, n (i1) yivetat
OB + OA - (O_:4 + O_f‘)
- (OB-0A)+(OA-0r)

B S
KB+ KA

- AB+TA-AB-AT.

(i1)



‘Aornon 4.7

Avon
> Avta A, B, I eivat ouveubsiaxd,

—_— — — —
AB||BT" xa1 BT'||I'A,

OT10TE
—

—_— = —
ABxBI'=BI'xT’A=0.
Apa, otV nepirtwon aut 1 (i) woxvet.

» Av ta A, B, T 6ev eival ouveubeiaxd, tote

—

—_— — —_— —> —
ABx BI| = |-BAxBL|=|BAx BIL|=2E,

—

IBU'xTA| = |-TBxDA|=|TBxTA| =28,

orou E 1o e118abov tou tptyovou ABI (BA. apddeypa 4.12).
Enopéveg, os kaBe nepimmon,
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‘Aoknon 4.10

Avon
ZUpogova pe tov optopo 4.11,
Lo U~
COS(U,’U) = —_.
] 0]
AdY® NG ETNHEPLIOTIKEG 1610TNTAG TOU E0MTEPIKOU YIVOHEVOU,
-0 = (2a-PB)-(3a-26)
6ld|* — 4 - 5 - 3d- 5 + 2|6 (i)
6la|* +2|8]> - 7d- B

Aro tov optlopo 4.11,
1

- = a3l cos(a, i) = 25 (-3 ) = -5.

Etot, n (i4) &ivet

i-0=6-22+2-5%-7(=5) = 109. (iii)
Emniiong
il = |26 - Bl = \/ (2d - )?

Kat arno wmyv (4.13)

(26— 5)2 =|2a)* + B> —4d- § = 4-2%2 + 52— 4(-5) = 61,

orndte
|| = v/61. (iv)

'Opotla IpoKUITIEL 0Tt

|0] = /196 = 14. (v)
H (i) pe m Bonbeia v (7ii)-(v) Siver

109
cos(1, V) = =0,997,
(#,9) 14/61

OT10TE
0 = cos 10,997 = 4,54°.



‘Aoknon 4.11

Avon
AB=AB-AR 1, §=a- .

Emiong, eme1dr) 1o ABTA eivatl mapaAAnAdypappo,
—_— = ——> -
Al'=AB+AA f y=ad+p.

Enopévag,
57 = (a-B)?=laP + I3 -2a- 3
AP = (a+p)%=lal’ + |8 +2a- 5,
ortote PoobEToviag KAl apaip@dviag Katd PEAN IIPOKUTTTEL
AP+ = 2(lal* +18P)

A2 =102 = 4a-p.
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‘Aoknon 4.13

Avon
Zupgeeva pe tg aok. 4.50 kat 4.51, untdpyxouv 6vo t€towa onueia P kat Py pe davuopata 9éong, ©g
POG TNV apXt] TOU CUOTHATOG ouvietaypévay O,

5B, - a+kB_(m+k& as + kB %+k&)
L T U A T A A &

— i-kB (a1 -kBi az—kBs as—k‘ﬁs)
P = =

OF; 1k ( -k ' 1-k > 1-k )

6o d = (ay,az,a3), f = (81, Ba, f3) ta Sravuopata 9éong wv A, B, og mpog 1o O. To P eivat onpeio
Tou gubuypappou tufpatog AB, eve to Pr onpeio tng mpoéKtaot|g tou.
Enopévag, ot ouvietaypéveg tov {NToupevav onpeiov eivat
(al +kB1 ag+kBy ag+ kﬂ?,)
1+k " 1+k 7 1+k )’
P (al —kB1 az —kB2 a3 —kﬁs)
? -k 1-k  1-k )

Py




‘Aoknon 4.15

Avon
To 8iavuopa 9éong tou Bapurevipou G evog tprywvou ABT, oG 1pog tnv apxr] 10U OUCTHIATOS CUVIETAY-
pévav O, eivat (BA. Avon dok. 4.26)

—_— 1l = — .
0= (0A+0B+0r), (4)
Ta dtavuopata 9éong, wg 1pog 1o O, twv onpeiewv A, B kat T eivat
—> —— —
OA= (CLl,CLQ,CLg), OB = (ﬁlvﬁ?vﬁi%)v or = (715’7/2773)’
ondte, avukadiotoviag oty (i) naipvoupe,
—— 1 1 1
0G = (§(a1 +51+71),§(a2+ﬂ2+72)7§(a3+ﬂ3+’73))-

Enopévag, ot ouvietaypéveg tou Bapukevipou eivat

_atfitm . _ a2+ fBa+y . _a3+fB3+73
3 5 2 3 5 3 3 .

I
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‘Aoknon 4.22

Avon
a) To ouvnuitovo tev yeoviev § kat ¢ rmou oxnuartilet to B e ta Stavuopata a, B etvat
o - A0 _a-(@lB+IBE) _lala-A+ Bl _a-B+ 13l
lallo] jallo] lal[o] Q 0
i
oy B8 BaB+1Bla) |alAP+13a 5 _Jal)+a- 5
1819 |8]19] 151191 6]

Ao ug (1) eivat gavepo ot
cosp =cosf < =20,

ondte 1o Srdvuona 0 Sixotopet ) yovia wv d, B.
B) H yovia tov —d, [ etval maparmnpe@patiky g yeviag v d@, 5, ondte n S1x0tdHog tng Mpong stvat
KaBetn otnv 1xotopo ng devtepng.

Av &' = |Bld - [d] 3.

—

1 +15la) - (1B1a - |al5)
Av = (lallgl) (3-a) - al* |87 + |8 |al* - 5]l (a- 5)

Sl

Sat

I
=

ondte éva didvuopa kaOeto oto I etvat to 4.
Emopévag, éva Stavuopa niapdAAnio pe ) Sixotdpo g yoviag tev dtavuopdiev —a, [ eivat to

= |Bla - lal3.



10§

‘Aoknon 4.24

Avon
To enBadov tou tetparthevpou ABI'A sivat ico e 1o dBpotopa tov epBadov tov tptyevev ABI' kat AAT,
dnAadn (BA. mapad. 4.12a)

(ABT) + (AAT)

(ABTA)

1l — — l1— —
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‘Aoknon 4.25

Avon
TUugeva pe 1o tapad. 4.1286, to epbadov tou naparinoypappou ABI'A sivat

E = (ABTA) =|AB x AT).

—_ —> -
Ex@padovtag ta Stavuopata tov misupwv AB, Al g Siapopd tov Stavuopdtev déong d, 5,7 tov drpev
TOUG ®G TIp0g €va onpeio avagopag O,

— o —
AB=p-a xa1t Al'=75-ad (i)
orote 1 (7) Biver

—a)x (7 -a)

(6 ~a) = (7~
= |BxF-Bxa-daxy+axal

~—~~

Enedn
—Bxd=axp, —axy=9yxa war axa=0,

10 £1Badov tou aparindoypappou ABT'A eivat
E=laxf+Fx5+7xdl.
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‘Aoknon 4.26

Avon

2
(a) To BapuUkevipo £vog TPIYOVOU ATIEXEL TA 3 TOU PNKOUG NG KABe S1apiéoou amo v aviiotoyn Kopudr),

ortote av M eivatl 1o péoov tng rmAsupag BT,
— 22—
AG=-AM.
) 3
Ermiong,
—_— — —> —_— —— —
AG=0G-0A rar AM =0OM - OA,

orote 1) (4) yiverat
—_ — 2 — —
OG-04 - §(()M-OA)
—_— 1] — 22—
| OG=-0A+-0OM.
3 3
To &iavuopa 9¢ong tou péoou g BT eival
—_— 1 = —
OM = (OB +Or).
2
A6 T1G 600 TeAeUTaieg OXEOEIG EUKOAA TTPOKUITIEL OTL

OC - = (0A+ 0B +0T).
3

B G_f4=0_f4—55, EE):(_)E)—(_)_G) rat ﬁzﬁ—5é

ortote

GA+GB+Gl' = OA-0G+0B-0G+0I'-0C
= OT’4+5§+5’“—356.

Enopévag, Aoym kat tou (a)

—

ﬂ+5§+(ﬁ“’ = O—1>4+5§+O—I)‘—3%(O—1>4+(_)§+OP

=0

(4)

(i1)

)

).
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‘Aoknon 4.27

Avon
AOY® NG EMPIEPIOTIKIG 1810TNTAG TOU E0MTEPIKOU YIVOHEVOU

-

u-v

(urd +ugf +us¥) - (v1d + vaff +v37)
= ulvld-d+u1vgd-[§+ulvgd-7y+uQvlﬁ-d
+ ugvaf3 - B+ upvsB - A+ ugvid - d + ugva - B+ ugvsd - 7.
Enmﬁr’]dlg,éi:y,ﬁl’?,
i-f=f-da=a-q=5-a=p§-5=5-B=0.
Evo enedn) ta a, B , ¥ €lvat povadiaia Stavuopata,

B=75-7=1.

—

a-a

Il
=

Enopévag,
- U = U071 + ugVy + U3v3.

N



14§

‘Aoknon 4.29

Avon
a) Ta k£ > 0, 1oxvet

ortote o o
% + 9| |Z + g
, |2+ [y + &~ [Z]+ [g]
Emiong,
|7+ 9] < 2]+ [9].
ortote
|z + 9| 1Z+g] _ [Z[+ ]3]
|+ gl + &~ |2 +1g]  [Z]+ 3]
, | + 9
1 — <1
|Z| +[g] + &
) Ioxuet
|z + | <[Z[ + 3] (i)
Kat
17— gl =2+ (-9)| <[z +|-g| = |Z| + [g]. (i)

[IpooBEtoviag katd péAn tg avioooetg (7), (i) mpoxurttet

|+ 9| + |2 = gl < 2(|2] + [g]).-
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‘Aoknon 4.30

Avon
Ernedr) 1o M eivat 1o onpeio mg BT yia 1o oroio (I'M) = 3(BM),
E— —_—
I'M=3MB.
Ex¢ppaloviag ta Staviopata g oxXeong avtig g 81adopés v Stavuopdiev 9€0ng 1oV AKP®OV T0US ©G
npog v Kopudr A nipoxurtet (BA. Avon Aoknong 4.50)
—  AT+3AB 3 1
+ p—
AM = 2282 C SR AT
1 +13 4 4

= -U+-7
4 4

Eneidn) 1o K eivat to onpeio ripoéktaong g I'B yia to onoio (I'K') = 2(BK),

K =-2KB

Ex@ppddoviag ta dtaviopata g ox€ong autng g d1apopeg tav d1avuopdtev 9€0ng ToV AKP®V TOUS ©G
pog v Kopudr) A raipvoupe (BA. Avon Aoknong 4.51)
AT - 2AB
— - —_— —
AK = —T—5 =2AB - Al' =24 - 9.
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‘Aoknon 4.31

Avon
®a beitoupe o1
—> —
AB=mAI', meR,
exkppadovrag ta Sravuoparta mg (i) og s1apopd v diavuopdtev 9£0ng TV AKPOVY TOUG ©G ITPOG TO ONUETo
A.
— — —_— — — —_— —— —
OA=-A0, OB=AB-A0, OI'=Al'- A0,
orote 1 (7) yiverat

7(-AO) - A(AB - A0) - 3(AT - A0) = 0

— —
q —4AB - 3AT =0
A AB = —Zﬁ.

Apa 1a A, B, T eivatl ouveubBelaxa.
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‘Aoknon 4.32

Auvon

Eneidn (AK) =2(KT),

OT10TE

cl

<l

A

K

r

Zxnpa 4.32 To napaiinidypaupuo ABIA.

AK = AR + AK

(AK) = 2(rA),

Eneidr) to ABTA eivatl mapaAAndoypappio

ondte 1 (44) Siver

katn (1)

Enopévag

Emniiong

A—f%gﬁ

Al = AB = i,

BEK

OK = OA + AK

Ene1dr) to ABTA eivatl mapaAAnAdypappo, to O eivat 1o péoov tng AT, onote

oi- i Lar
2 2

Ene1dn) to ABI'A eivat mapaAAndoypappo,

orote 1 (v) Siver

kat n (iv), Aoyw kat g (i4i),

AT = AB+ AR =i+,

OA

(4)

(i)

(iii)

(i)

(v)
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Ioxuet
Eriong,

Kdti

OT10TE

Apa, n (vi) &tver

Ioxuet

Emiong,

Kdati

onote 1 (vii) divet

OK

I~y
|

(&)
+

W o

I~
+
(4]

N | —

N —
N1
+
|

N | —
+
[am—

N —
(&)

<

Il Il
l |
|
S NI
+ +
N[~ WIN |-

D=

2l
|
2|

(TN) = §(AT)

(vid)
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‘Aoknon 4.33

Avon
YroBétoupe ot k # 0. Tote
L A=
ki+A\6=0 < ZL:—EB

Ao ) oyéon autt) mpokurtet ¢ || 8, mpdypa 1mou eivat droro, agou ta dtavuoupata d, S dev eivat
napdaAAnda. Emopévag,



20 §

‘Aoknon 4.34

Avon
Ia va ési§oupe ot ta onueia A, B, T, A eivat ouveubelakd apkei va deioupe dradoyikd ot:

» Ta A, B, T sivat ouveuBsiaxka.

» Ta A, B, A sivat ouveuBsiakda.

AB-=0B-0A=f-a

Kdat

— —_— —
Al = OI'-0A

= F-a
= 2i-f-a

= -0

—

- BA.

— ——
Enopéveg, ta Siaviopata AI', BA eivatr mapdAAnla, omote ta onueia A, B, T eivat ouveubeiaka.
Emiong,

AR = OR-0OA=6-a
= 2a+35-ad
= 3(8-a)
- 34B.

—_—— ——
Apa ta davuopata AA, AB sivat mapdAAnAa, omnote ta onpeia A, B, A sivat ouveubeiakd.
Enopévag, ta onueia A, B, T, A eivat ouveubeiaka.
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‘Aoknon 4.35

Avon
Apkei va 6eioupe 6t

— —

AB =mAI', meR.
Tnv oxéon auty] deixvoupe exppdaldoviag ta davuopata g (i) og dapopd t@v dlavuopdtev déong v
AKP®V TOUG Pe onpeio avadopdg 1o onpeio A.

— —_— sy == ——  —> R —_—
i=0A=-A0, (=0B=AB-A0, 4=0I'=Al'-AO,
—_—

OTI0TE

—

k(~A0) + N(AB - A0) + (AT - 40) = 0

— — —_—
AAB + pAl' = (k+ X+ ) AO = 0.
‘Apa, Aoye katr ou ot k + A+ p =0,
—— —_—
MB+pAl' =0 pe p+#0H A #0,

—_—  —
Eropévag AB || AT, ondte ta onpeia A, B, T eivat ouveubeiaka.
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‘Aoknon 4.36
Avon
a) Av 1 egioworn £xel Auorn tote urtdpxet Siavuopa d TETo10 QOote
axv=1,
orote
U L.

Avtiotpoga, otnv mepinteon mou ta 4, v eivat kabeta petadu toug da deifoupe ot unapyet Avon g ()
mg HopPNHG
To=kiuxv, keR.
[Ipaypatt, av 1o didvuopa T eivat Avorn g (7), e, Adyw tou ot 4 - ¥ = 0 xkat g (4.22), 1 (i) divet
(ki x T) x © k(- 9)0 - kv

= —kvu

= qj7

ortote 1

~kv®=1 1 k=-=.

v

Eropéveg, av ta i, ¥ eival kaBeta petagu toug, tote pia Avon g (7) sivat to Siavuopa

T=——UXD

02
B) Zupgeva pe v Mapatgpnon 4.16, ta @, ¥, % x ¥ anotehouv pia Baon tou R? , ondte kdbe Siavuopa
YPAPETAl ®S YPAPHIIKOG OUVOUAOHOG TOUG
T =kt+ A0+ pi x 0. (i7)

[Maipvovtag to e00TEPIKS yIvopevo Kat Tov 8Uo pedov g (i4) e 4

Z-tu=kti-u+Ao-1u+ p(tix9d)-u. (it3)
Abye g (7),

Emiong,

'Etot, ano ) (#47) mpokurtet
0=ku> 4 k=0.

I[Taipvovtag 1o e§®TePIKO Yivopevo Kat tov §Uo pedav g (i) e U (Exoviag Yéoet k = 0) mpoxrurttel

Tx0=A0x0+ pu(tx0v)x7. (iv)
Emnedn
(i x B) x 0 = (- 0)0 - v = 0@

Kat, Aoy mg (7) kat tou ou ¥ x U = 0, n (iv) yiveral

U= —/w2ﬂ,
onote
9 , 1
po-=-1 1 p=-—.
v
Ernopévag, n yevikr Avon g (4) eivat

N .
xz)\v—ﬁ(uxv), AeR.
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‘Aoknon 4.37

Avon
ZUpogova pe ) Avorn) g IPonyoupevng AoKknong Kabe diavuopa

1
Z=kt-—=(wxv), keR
02
IKAVOTIOEl TNV & X U = W av Kat povov av v L w 1 v -w = 0.
[Taipvoviag 10 £00TEPIKO YIVOREVO TV §U0 NeEADV TG OXEONG eIl U,
U .
Z-u=kv-ti—-—((wxv) -4
02
OTIOTE, AOY® G T - U = A,

I
)\=kv-u—ﬁ(w,v,u).

Eropéveg, eredr) v -4 # 0 (4, ¥ 6ev elvat kabeta)

1 1
z:—[m— @,ﬁ,a)]@—_(mﬁ).
v-u
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‘Aoknon 4.38

Avon

[Taipvovtag 1o eEMTEPIKO YIVOREVO KAl TV 8U0 PEAGDV G d X 3 = 4 X 7 €Il G TIPOKUITIEL

‘Apa, Aoyo Kat tou Ot G- 5 =G -

orote (|d@f? # 0, emed) @ # 0)

x (ix §) = dx (ax7)



