13.8 TeAcsotng Xpovikng £§EANG TOU oy £vog ocopatidiou

A6 ta afiopata tng kKBavukrg (BA. Evotnua 12.5, oty 1otooedida) kat pe ) BorBeia tng eKOetKNg
ouUVAPTNOoNG Tivaka IPOKUITIEL OTL:

HMapatipnon 13.9 To Sidvuoua oniv evo¢ owUattbiov mov KIveital Uéoa o€ Uayvniko nedio
B= Bon (ot katevduvon 1) m xpovikn otyun t mpokumntel ue t Londeia tou Aot XpOovIKng
eSeéng

U(t) = e Bt ¢ gradepa,

nou opidetat (BA. Evotnta 12.8) wg ovvdptnon tou tefeoty o, ¢ TPoBoANG ToU Omy otnu
Sevduvon tou povadiaiov Stavvouatog v (BA. Hapadeyua 12.20), wg eucdva avtoU ToU apyukoU
Sdlavvouarog omw ou cwpuatdiov Xg

X(t) =U(t) Xy = e Bt X, (13.1)

Exgppdalovtag v Xp 0g ypappiko ouvbuaopo
Xo=kXp +mX,_
1wV 18odavuopatev X, tou Ty, 1 (13.1) yivetat

X(t) = e_iaBEnt (anJr + an,) — k,e—iCBtXnJr + me_iCB(_l)tXn7

Mapadewypa 13.55 Hiskipovio Ppioketal uéoa oe puayvniud nedio B= Bpzp. Av mu ypouvikn
otyun t = 0 1o Stavvoua omw U givar

%0l 1]

va Bpedouv yta Kade Xpovikn otyun:
a) n uéon vn (=)

B) n mdavotnta o onw 10U niekpoviov va PBpedel tapaiinio ue tov afova +y.
Avon

Zupogoeva pe v Iapatfpnon 13.9,
X(t) _ e—choatiO (’L)

To e P Oa\tio unodoyidetatl eUkoAa av ekppacoupe v Xy ®S YPAPkKo ocuvbuaouod tev 1610d1avu-
OPAT®V TOU T4,
Xo=aX, + BX —
Avuxkabiotwviag otn oxéon autr) ug Xg, X4, X_ nmaipvoupe
1

albilelo]olb] o Gl 5] v e

Etot, 1 (4), Adoye xat tou ot o1t X, X_ eivat 16061aviopata tou 7, yia g doupég 1 kat -1, yverat
B 1 1 1 _i.Bs 1 _i.Bs
X(t _ e—choazt X, +—X |= _e—choati + _e—choati_
®) N RV sl RV 7
1

i 1 ieBo(-
_ e ZCBOltXJr n e icBo( l)tX,

V2
1 —icBot 1 1 icBot 0 1 e_iCBOt
= 5 t—5¢ =& | icBot
V2 0] v2 L] Vel e
(a) H péon tar) tou tedeotr) &, v XPOVIKY oty ¢ etvat
(62) (t) =2P..(t) -1 (iit)

orou P, (t), n mubavomnta g 161otpng 1 v Xpovikn otypn T, nj oroia sivat ion pe 1o Tepdy®vo tou
nave ototxeiou tou diavuopatog oruv, X ().
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!

1 )
P.(t) = ‘— e = g

\/ie

onote 1) (441) diver

(6.) (£) = %h (2% - 1) -0

B) H mmbavoétnta, Py, va Bpebei to ormv mapaddndo pe tov nuiadova +y etvat

Pys = [(X (1), Xy ) (i)

1 1
OIoU Xyr=—| .
ﬁ[ Z]

10 181061avuopa tou 7, mou avtiotolxei oty W6otpn 1.

<X(t),Xy+) = X*(t) Xy+ = = [elCBot C_ZCBot] — |: 1 :| = 5 [CZCBot + Z'C_ZCBot].

V2

H (iv) Aowov bivel

» ’eicBgt + ie—icBot’2 _ [eicBot + ie—icBot] [e—icBgt _ 2.eicBot]

(1 _ ieQiCBot + 'l‘€72iCBot + 1) _ {2 _ i(eQiCBQt _ efQiCBot)}

2 —i(2i) sin(2cBot) = 1 —sin(2¢Byt)

‘Aoxrnon 13.1 Hiexktpovio fpioketal oe payvniuco nedio
B = Boﬁo.
Av m ouyun t = 0 10 omw v givat ntapaiinio ue tov nuadova +x, va Bpedouvv yia rkade
XPOVIKN OTyun :
a) Ot péoeg tpeg (G4) , (Gy),(02).
B) Ot mdavomnteg 10 omw tou va Lpedet tapadiinio pe tov:
i) nuaova +y, ii) nuaova —z, iii) nuadova —x.
Avon
Erne1dr) to ormv tou nAekipoviou 1) xpovikr) otypny ¢ = 0 eivat mapdAAndo pe tov dfova +x, 10 apX1Ko ToU
d1avuopa ormv Xy eivat 1o 161061avuopa tou 6, yia mv doupn 1,

Tupgeva pe my [Mapatpnon 13.3, 1o Si1avuopa omv tou nAektpoviou ) Xpovikr ouypr ¢, X (t), eivat
X(t) — e—iCBo&tiO (ZZ)

To e B Oétio urodoyiletat eukoda av ypdwoupe v Xy 0g ypappiké ouvduaoiid tev 16108tavuopdtov
U 0,
Xo=aX,+6X_

Avukabiotoviag oty oxéor auvtr) ug Xo, X, X_ naipvoupe

SRR R

|
A a=f=—

Etot n (#4), Adye kat tou 6t ot X, X_ eivat i6iodiaviopata tou 6, yia ug doupég 1 xat -1, yivetat

@ e



X(t)

o1 1 1 ps 1 o ops
e—ZCBoUzt [ X, + X:| — e—lCB[)O'ZtX + e—’LCB()O'ti7
NZERNG) V2 NG
1

L oty L ieBo(-1yty _ Le—icBot[ 1 ] . LeicBotI: (1) ]

V2 V2 V2 0] v2

1 e—icBot
ﬁ[ eiCBQt ]

a) H péon tur) tou tedeotr) 6, eivat

(02) = (X(1),6:X()) (i)
YroAoyi¢oupe to arotédeopa g Spaong tou 7, ot X (1)

. 0 1 1 e—icBot 1 eficBot
G, X(t) = [ 10 ]E[ cicBot ] = NG [ cicBot

(62) = XJr(t)é}zX(t):(&x):%[eicBot mieBor]

1. . .
= 3 [e2wBOt + e_QwBOt] = cos(2¢Byt)

onote 1) (441) yiverat
echot
e—chot

(xpnowonorjoape kat tv tavtotta Euler e2icBot 4 o=2icBot _ 9 cos(2¢Byt)).
H péon tpn tou tedeotn) o, eivat

(6y) = (X (t),6,X(t)) = X* ()6, X (1) (iv)
A 0 —i | 1 [ eieBot 1 [ —ieicBot
GyX(t) - [ 7 0 ] ﬁ [ eicBot ] = % [ Z'e—icBot :|

- —icBot
[cieBot  miechot] 1| —ie™"?0
€ € Z'eficBot

V2

[—ieQiCB‘)t + ie_%CBOt] = —%21’ sin(2c¢Byt) = sin(2¢Byt)

Sl

ordte 1 (iv) bivel

<(}y> =

Sl

N | =

H péon uur twou 7, sivat
(6.)=2P,, -1 (v)

orou P.. n rmBavoumrta ng doupng 1, n oroia eivat ion pe 1o TEIPAY®VO TOU IMAVE® OTOLXEIOU TOU

Siavuopartog oruv, X (t),
2
—icBot

DO | —

1
Pz+ = ‘Ee
orote 1 (v) dtver

. 1
<02>:2§_1:0

B) i) H mbavétnta to ormv va Bpebei mapddAndo pe tov agova +y eivat

Py = (X (), X, ) (vi)
. 1 1
orou Xyy = —\/§ [ ; ]

10 181061dvuopa Tou 7, Iou aviototxei otnv 1610t 1.

<X(t)7Xy+) \/i 2\/§ 7

—icBot]

X(8) Xy = o [l grienot] L [ 1 ]

[ewBOt + e

N | =
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H (vi) Adowtov bivet

+ e

Py+ ‘% [eicBot + ie*’iCBot] 2 — [e’iCBot *iCBOt:I [efiCBQt _ ieicBot]

N,

= i (1 _ ie?icBot + i€72icBot + 1) _ i {2 _ Z-(e2icBot _ 6722'0301‘,)}

= i{z —i(2i)sin(2¢cBot) } = % (1 -sin(2¢Bot))

1) H rubavétnta to oruv va Bpebei mapddAndo pe tov dfova +2z givat ion pe 10 tetpdy®vo 1ou PETpou tou

Ave otolxeiou Tou Slavuopatog oy tovu,
2
1 eicBot _ 1

V2 D)

(i41) H mBavétra P,_ to ormv va Bpebet mapdAAndo otov apvnuko nuia§ova —x sivat

Poe = [(X (1), X, )[*

1
Ortou Xw=—|: 1 ]

P,y =

-1

10 181061avuopa tou 6, yia v wdouun 1.

1 icBot —icBotL 1
(X Xe) = [ e ]m[—l]

_ = [eicBot _ e—icBot] _ COS(CBot),

N | —

ornote P,_ = cos?(cByt).

‘Aornon 13.2 Tn ypovwn ouyun t = 0 10 oniv evdg nAekipoviou, 10 omoio Kweltar uéoa oe
OUOYEVES Uayvntko medio
B= Boff'o, BO ota@epﬁ,

givar mapaifinio pe tov nuadova +z.

Na Bpedovv:

a) n péon TN ToU TEflE0T 04 Yia TO NAEKTPOVIO AUTO UETA amo XPovo t,

B) n mdavotnta 1o oniv 1ou niskrpoviov va Ppedel tapdAinio orov Jetiko nuadova +y.

Avon

a) To &iavuopa ormv tou nAektpoviou ) ouypny ¢ = 0, X (0), eivat to Bo6iavuopa, X, tou tedeoty) 6,
yla v 6ot 1,

1
Xo = X+ - [ O ]
H X (t) Bpiloketat pe ) PoriBsia tou tedeotr| Xpovikrg e§EAENg U(t) (BA. MMapatipnon 12.16),
X(t) = U(t)X(0) = e Bo=t X (0) (i)
—icBoo,t

To anotéAdeopa tng dpdong tou tedeotr) e ot X (0) unodoyidetat, av v ekPPACOUNE OG YPAPHIIKO

ouvbuaouod tev 161081avuoudtev 10U d,,

e 3] = nee 4]

®¢toviag Xo=aXy + X,

TIPOKUITTEL
[1]_ L[I]Jrﬁi[l] , [1]_ ﬁ(mﬁ)
o | Al |T7al 1] Y o] L ap
V2



| 1 = %(a +0)
’ 0 = —=(a-p)
V2
H Auon tou ouotrpatog autou sivat
a=p0= L

Etot ) (41) yivetat

X()

. P 1 1
e—’LCBOth X(0) = e—ZCB(JO'wt ( X + — X )
( ) \/5 o \/§ v

1 N > N
_ \/56 chooxtXx+ +e chocrthI_

Ot X 4, Xy4, g 181061aviopata tou tedeotr| 0, yid TG wdotpég 1 kat -1, eivat 1do6taviopata kat tou

tedeotry e P09t yiq nig 1Brotpgg
e—chOlt Kai e—chO(—l)t
avtiotolxa, orote
1 —icBotl 1 —icBot(-1)
X(t) = ﬁe XnJr + 76 an
1
e

_ b —iCBotL 1 n LeiCBOtL 1 _ 1 672:CBOt + eZ:CBOt
\/§ \/§ 1 5 \/5 -1 2 e—chot _ echOt
_ 1| 2cos(cBot) |_| cos(eBot)
2| —2isin(eBot) | | —isin(cBot)

H péon tun tou tedeotr) o, eivat

(02) = (X(1),6.X(1))=X"(t) 65 X(t)

= (cos(cBpt) isin(cByt)) [ (1) (1) :||: _2215??;2) ]

= (cos(cBt) z‘sin(cBot))[ _éil(ligfg)t) ]

= —icos(cByt) sin(cBot) + isin(cByt) cos(cBot)
Apa (62)=0

B) H ruBavotnta to ormv tou nAektpoviou va Bpebei mapdAAndo otov Seukd nuiagova +y eivat
2
Pye = [(X (1), Xyo)l (i)

1

1 , . , ,
orou X, = ﬁ [ ; 10 1610614vucpa Tou 7, MO avriotolxet oty otun 1.

(X(£), X,s) = [cos(aBot)  isin(aBot)] %[ ! ]: %(cosa(Bot)—sin(aBot)),

orote 1) (i) divet

1 1
Py: = 5 (cos(aBot) - sin(aBot))? = 5 (sin(2aBot)).

Hapadewypa 13.56 Eva niskipovio Bpioketal peoa oe opoyeveg uayvntueo nedio
B-= Bozy, Bg otadeon
Kat m xpouvwkn otyun t = 0 1o omw tov givar tapaiinio ue tov nuadova +y.

a) Na Bpedei peta and mooo xpovo to omw Ja Bpedel yia mpwtn eopd tapaiinio pe ov afova
+.
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Avon
Tn XPOVIKY] ouypn ¢, tv oroia to ormv da Bpebei mapadindo pe tov nuiddova +x n mbavotnia mg
1Broupng 1 tou tedeotr) 6, 9a eivatl povada, onote

(X (1), Xpa) = 1, (i)
orou X, 10 161081avuopa tou G, mou avriotoikel oty 8oupn 1 kat X (¢) to diavuopa ormv tou nhe-
Ktpoviou 1 ouypr) t.

To Stavuopa ormv tou niektpoviou ) ouypn ¢ Ppioketat pe ) BorBeia tou tedeotr) XPOViKNG e§eAENg
(BA. Mapatfpnon 12.16)

X(t) =U(t)Xo ="' X, ¢ owbepd (i)

To &iavuopa ormv tou nAexktpoviou ) outypr) ¢ = 0, og 181061dvuopa tou tedeotr) dy yia v otpn 1,

sivat
1 1
%0-30- 55| 1]

ieBodzt exkppaloupe m X ©§ Yypappko ouvbuaopo v 18odlavuopdtey,

IMa va unoAoyiocoupie 1o €
X4, X_, tou tedeotn) G,
Xo=aX,+p8X_

orou a, P eivatr pyadikég otabepég ol ormoieg umodoyiovial avukadiotoviag ot tedeutaia oxéon Tg

Sl oo 1] 5]

Aro 1 oxX€on autr) raipvoupe

erppaoeig v Xg, X4, X_,

1
a=—— xrat [=-—
V2 V2
ondte 1) (i4), Adyw kat tou ot X4, X_, @g 181061aviopata tou tedeotr) 7, yia 1g 16otpég 1 kat -1 eivat
~icBodzt \iq g 1810TIpég
e*iCBolt efiCBo(fl)t

161061avuopata Kat tou teAeotn) €

Kat
avtiototxa, divet

o 1 i 1 s i oo
e—choazt X, + X | = e—chgati + e—choati_
1 —icBolt I B (1)t

—e X, +—e 0 X_

V2

Vo iesor| 1| L ieot| 0| 1 e~ iebot
\/5 0 \/5 1 5 echgt

[eiCBot 'eficBot]

X (1)

Enopévaeg,

(X(t)7Xx+> = X(t)*X;H:

-1

Sl
[\
Sl
[\
—
—
—_

l [e’iCBot _ ie—’icBot]

2

orote 1) (1) yiverat

2

1 . .
‘5 [echot _ ie—chot] -1 (ZZ’L)

1. . .
‘_ [echot —je chot] i

. o . o .
5 [echot —je chot] [echgt —je chot]

[1 + Z-eZZCBot _ Z-efQ’LCBot + 1]

i N

. , 1
= 1 [2 +i(eZieBot _ 6_2ZCBOt)] =1 {2 - 2sin(2cBot) }

(Xpnowornowjoape kat v tavtdtna Euler). Etot n (#47) yiverat



1-sin(2¢Bpt) =2 1 sin(2¢Bot) = -1

H {ntovuevn xpovikr) otyur), t1, tv oroia 1o ormv tou niektpoviou 9a Ppebei mapdaAAndo pe tov aiova
+z, eival n pikpotepn detiky) pida g TPIYOVOUETPIKAG AUTHS £§100OTG.

HMapadewpa 13.57 To Sidvuoua oniv evog nickipoviov givat
5o x,

omou X 10 t6106tavuaua touv tefeot) g mpoBoAng z tou ont yia v botun 1.

Na Spedouv o1 ugoeg TUES TOV TEAETTOV:

a) Ey, .B) b\-z’

Aton

a) H péon tpr) tng ouviotdoag y Tou tedeotr| 0y, yla éva copdto ue diavuonpa oy X eivat
(6y) = (X, 6, X)

To Sidvuopa ormy tou nNAeKIpoviou eivat
15 T T 5 1
X=61401X+:€Z40w 0

Id va Bpoupe 1o anotédeopa g SpAong ToU TeAEOTr) e'10w omv X, MV ekPppaloupe OG YPAPHIIKO
ouvbuaouo v 1810d1avuopdtey tou 7,

RN ) P

®¢toupe Aourtov X, =aXp + X,
N (T R A )
0 V2l 1 V2| -1 V2| a-

a+p _ 1
V2 o1

1 a-f ; 1 a—ﬁ—ﬁ
V2

Apa X, = L Xx++iXx_

ortote

A s 1 1 1 .= |
X =17 X, =¢'a%t (—XgH + —Xx) = —" X+ =t X

V2 V2 V2 V2

Ot X, xat X,—, ®g 61o8wavuopata tou 0 yla g 8oupég +1, -1, gival, ovpgwva pe ty I[potaon 9.8,

oty )
181061aviopata kat tou tedeotry e'4 ot yla g 1610tipeg

G e 15D
ortote
1 1 1 =1 1 1
X = —¢e'n XI++_€Z4(_1)X__—€ZZ— 1 S il 1
V2 2 AR 2 5| -1
s
A dEeem ] 1| 28y | 11
B R B (TR VE

To anotédeopa g 6pdong tou tedeotn) o, oy X eivat,

S
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ortéte 10 Sravuopa ory tou niektpoviou eivat 181o0diavuona tou tedeot) 7y yia v dotpn ~1. Emo-
pévag, n péon tpn (4,) yia 1o nAekrpovio autd eivar i) Woupn -1,

(6 y) =-1
B) H péon tur) 10U 0, evog oopatidiou etvat
(62) =2laf* -1
OTIoU a 10 TIdve otolxeio tou Slaviopatog oy tou. Enopéveg,
2
() =2|—=| —1-0
z \/§ .

HMapadewypa 13.58 Eva niskipovio Bpioketal peoa oc opoyeveg uayvntuco nedio
B= BoYp, B otadepm
Av m ouyun t = 0 10 omw tou nAskpoviov sivar tapaiinio ue tov nuaova +x, 10te va Bpedel n
UEON T TOU TEfEOTH 0, UeTa anod xpovo t.
Avon
To 61avuopa orv tou nAektpoviou ) ouypr ¢ = 0, Xg eivat 1dio6iavuopa tou tedeotry 6, yid v 6ot

1, omtote
1 1
w051

Zopoova pe v Iapatipnon 12.15, to Sidvuopa oy 10U NAEKTPOVIOU ormoladnote XPOoviKY oty ¢
elvat

X(t) =U(t) X = e *Boo=t x, (i)

Exgppdaloviag v Xy 0g ypappiko ouvbuaopo tev 1dlodiavuopdtay,

1 (1 1 1
i R Y

T0U Oy, Xo=aXy, +BX,_
, 1[1 1[1 1[1 1] a+
: RN ERUUEE ER PRI R [ @)

V21 V2l V2| i L] | (a=p)i
, a+p =1
1 (a-B)i = 1
H Avorn tou ouotrpatog autou eivat

1-1 3 1+1
a = s =
2 2
Etot n (¢), Ady® kat tou 6t ot X4, Xy eivat 18081aviopata v tedeotr) e~tcBodyt yla ug 1610tpég
e—’icBo].t Kat e*icBo(fl)t

avtiotoixa, yivetat

sy (1 1+i
X(t) = 6’”3‘“’“(72 Xyot Xy-)
_ 1;5 emicBodyt Xy 1;i erieBosy
1 1

-1 .
_ Te chothy+ n

_o 1ot e L[ L[ 14d gy 1|1
2 V2 | i 2 V2 | i

+1 i
- Ze—chot(—l)Xy+

1 (1- i)e’iCBot +(1+ i)eiCBot

- 2/2 [ (1+ i)e’iCBot +(1- i)eiCBot



H péon tun tou tedeot) o, givat

(02) = (X(1),0:X(t)) = X" (t)6.X(t) (@)
X L1 0 1] (1-i)eeBol 4 (1+7)eiPot
5. X(t) = E[ 0 -1 ]5[ (1 +)eieBot 4 (1 j)eicBot ]

L[ (1-i)eePol 4 (1 +4)elePot
22| —(1+i)e Bl 4 (i —1)eiebot
ondte 1) (1) yiverat

(0:) = X'(t)6. X(t)

‘ -

= [(1 + i)eicBot + (1 _ ’i)e_iCBOt (1 ) icBot (1 " i)e—icBot]

S

L[ (1-d)ePol 4 (1 +4)etebot
-(1+ z)e’”BOt +(i-1)e” icBot

| §||

{[(1 + Z)echot T (1 ) —chot] [(1 _ Z-)e—icBot " (1 n Z-)eicBgt] "
-

ZCBot (1 T i)e—icBot][_(l i i)e—iCBot 4 (Z _ 1)6—icBot]}

1 . .
= —r{2+ (1+0)2X Pl (1-i)%e Pl 129

_ (Z _ 1)262icBot _ (1 + i)QG—QiCBOt _ 2} — % {4Z (€2iCBot _ e—QiCBQt)}

1
= §4i 2i sin(2c¢Byt) = sin(2c¢Byt)



