Ke¢paiawo 3

F'pappira cvotpata

‘Acokrnon 3.2

» O mivakag A aviiotoixet oto cuotnpa

ri +4x3=-1

xT9o — 4$3 =0

Ty = -3
aro 1o Oroio MPOKUITIEL

xr1 = —41‘3 - 1, T9 = 41‘3 KAl T4 = —3,
ordte 1 AUon tou ouotfuatog eivat (z3 = k)
(1’1,1’2,1’3,1’4) = (_4k - 174k7 ka _3)7 keR

» O mivakag B avtiotoikel oto ovotnpa

.%'1:6
$2:—3
.%'3:2

ordte 1 AUon tou ouothuatog sivat (x4 = k)
($1,$2,$3,$4) = (6, —3, 2, k‘), keR

» O mivakag I' avtiotoikel oto ocvotnpa

ordte 10 cuotnua eivat advvaro.
» O mivakag A avtiotoixel oto ouotnua

1'$1+0'$2+0'$3:2
O-m1+1-w2+0-x3:—3
0-21+0-20+1-23=2

OIIOTE 1] AUOTH TOU CUOCTHATOG £ivatl

(.%'17.%'27.%'3) = (27_372)
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‘Aornon 3.3

a) To ovotnua autd ypagetat otr popdr AX = B, orou

1 1 -1 1
A=11 -1 1 kat B=|1
2 -1 1 5
Avarttuooovtag v opiouca Tou A TPOKUITIEL
|A] =0
Emiong, n 2 x 2 opidouoa nou npoxurttetl draypadoviag tyv tpitn ypappn Kat tyv tpitn otfAn.
1 1
=-2%0
1 -1
ondte, rank(A) =2
OP®G,
rank(A|B) =3
£POOOV 11 UTI00PIoUCA TOU EMAUSIEVOU
1 1 1
1 -1 1]|=-6+#0
2 -1 5

AnAadny rank(A) # rank(A|B), ondte 1o ovotpa dev éxel Avon
B) To cuotnua ypagetat ot popdty Az = B 6mou,

1 -1 2 1
A=| -2 2 -4 kat B=| -3
2 -2 1 )
rank(A|B) = 3 eneibn) ) opidovoa
1 -2 1
-2 -4 -3 |=-21%0
2 -1 5
OP®S
-4
rank(A) =2 agou |A| =0 kat b -6+0
orote 10 cuotnua dev £xel Auon
V) To obotpa ypagpetat ot popen
AX =B
OIt0U
1 -2 1 0
1 1 5 7
A= kat B =
2 -1 -1 0
-1 5 3 7
KAl 0 eraudnuévog mivakag £xet opi{ovoa
|A[B| =0
Kat pa 3 x 3 unoopidouoa tou mivaka A eivat
1 -2 1
1 1 5 [=-21+0

2 -1 -1
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orote
rank(A) =rank(A|B) =3
AUvoupe, Aordv, 10 MapAKAT® cuotnpa (avilotoiyel otnv napandave pn pndevikr) unoopidouoa)
xr1 — 229 + xr3 = 0
Tr1 +x9 + 51‘3 =7
2I1 — X9 — T3 = 0
Ao 11g 600 TPATEG EE10WOELG TIPOKUITIEL 1] AUCH TOU CUOTHHATOG
.%'1:1, 1‘221, .%'321
(o1 tipég autég kavorolovy, BeBaing kat v tpitn egiowor).
y) ovpogeva pe v IIpdtaon 3.13 1o ovotnpa €xet povadikr Avor).
O emauinévog mivakag tou oUoTAtog eivat

1 2 1 07 Ha(-1) 11 -2 1 0
1 1 5 7 |[Ha(=2) o 3 4 7
2 -1 -1 0 ~ 0 3 -3 0
-1 5 37 Hy (1) 0 3 4 7
Hq5(2)
(1 -2 1 0]
. L7 H3o(-3)
Hg(—) 0o 1 = = [ 11 14 7
3 3 3 1 0 — —
~ 0 3 -3 0 '
o1 - =
0 3 4 7 | He(-3) 3 3
00 -7 -7
| 00 0 0 |
[ 11 14 7
1 0 — — 4 1 0 0 1
N R P
Hg(__) 01 4T 3/ 1o 101
! 33 00 11
~ 00 1 1 I ( 11)
00 0 O B\U"3) Lo o oo
8) To ocuotpa ypagetat
AX =B
1 1 -1 1
orou A= xat B =
1 -1 1 1
Mua 2 x 2 urtoopidouca tou ernaudnuévou Kat tou A eivat
1 1
=-2%0
1 -1

ortote

rank(A|B) = rank(A) =2

Kat oupgeva pe v [potaon 3.13 1o ovopa €xel dnelpeg Auoelg (Bpiokoupe 1a X1, Lo CUVAPTIOEL TOU

r3)
r1+x9=1+ T3
Xr1 — X9 = 1- I3
[TpooBEtoviag Katd PEAN TIPOKUTTTEL
201=2 < 1 =1

ortote 1 Hevtepn eSiowon Hivel



T2 =23
Emopévwg, ot Auoeig tou ouotrpatog (9étoviag x3 = k) eivat
(v1,29,23) = (1,k, k), ke R
€) To ovotpa ypagdetat ot popopn

AX =B
1 -1 2 1
orou A= kat B =
-2 2 -4 -3
0Agg 01 2 x 2 urtooopidouoeg Tou eival PNdeVIKEG OTIOTE
rank(A) =1
Kat pia 2 x 2 unoopidouoa tou enauinpévou eivat
2 1
=-2
-4 -3
ornote
rank(A|B) =2

Enopévag, to ovotpa dev £xet Avon (apou rank(A) # rank(A|B)).
ot) To ovotpa autd ypadetat

AX =B
01 21 0
orou A=12 0 1 0| gat B=]| 2
0101 1
Mua 2 x 3 uroopiouoa tou A kat tou A|B eivat
01 2
2 0 1]|=4=+0,
010
orote

rank(A) =rank(A|B) =3

Enopévag, 1o ouotnua €xel anelpeg Auoelg (BA Ipotaon 3.13) (Bpiokoupe 10 T, Y, 2 OUVAPTHOEL TOU W)
Y+2z=-w
204+ 2z =2
y=1l-w
Avukabiotoviag oty npotn e§iowon 1o ¥ (tpitn e§iowon ) pokurtet
1

z=—=

2
KAl avuikabiotoviag otn devtepn 10 2

)
4
Ermopévag, ot Auoeig tou ouotrjuatog ivat (9étoviag w = k)

5 1
=(21-k-=k), keR
(x?y?z?w) (4? ) 2? )? €

€Tr =

{ To ocuotnua ypagetat

AX = B,
1 0 -1 1
OIt0U A= 2 1 -1 kat B=|1
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Mua 3 x 3 untoopidouoa tou A kat tou A.B eivat

1 0 -1
orou 2 1 -1|=4+0,
1 2 5

ortote

rank(A) =rank(A|B) =3

Enopéveg, oupgpava pe v Ipodtaon 3.13 1o cuotnpa €xel povadikr) Avon

1 0 -1
[A]=]11 1 -1|=7
2 2 5
1 1 -1
|Ao|=12 1 -1 |=-7
1 2 5
1 01
[As|=1 1 1[=3
2 2 2
O N HO
1Al 4 Al 4 Al 4
n) To cuopa ypagetat
AX =B,
1 -2 -4 3 0
orou A=l -2 1 0 -5 kat B=| 0
3 -1 2 0 0

10 ouoTnUa etvatl opoyeveg, enopévag éxet Avor (agou rank(A) = rank(A|B))
Mua pn pndevikr) opidouoa tou mivaka A eivat n)

1 -2 -4
-2 1 0 [=-2=%0
3 -1 2

ortote BpioKoupE T0UG T'1, T2, T3 OUVAPTNOEL TOU Ty

Xr1 — 2.%'2 - 41‘3 = —31‘4
—2T1 4+ X9 = D1y
3.%'1 —.%'2+21‘3 =0

"Et01, PoKUIItouv o1 AUcelg tou ouotrpatog (9étoviag k = x4)
(21,29, 23, 14) = (=17k, -29k, 11k, k)
9) To cvonpa ypagpetat

AX =B,
2 -1 1 0
orou A= -4 2 =2 kat B=| 0
6 -3 3 0

[Mapatnpoupe 6t 1 3 x 3 opidouca tou A eival Pndevikr, OTIOG KAl OAeg 01 2 X 2 UTI0opidoUoES, ETTOPEVRG

rank(A) =1
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Bpiokoupie 10 | OUVAPTIOEL TOV T2 KAl £3 ATO TNV MPWTI £§100OT

1 1
Tr1 = =<-T2— =T3
2 2
ordte, o1 AUoeig Tou ouotruatog givat (9étoviag oo = k kat w3 = 1)

1 1
(k- =0k,
($1,5E2,5E3) (2 9 5 vy )

1) To ovotnpa auvtd ypadetat

AX =B
2 -1 1 =2 0
OIoU A= -4 2 -2 4 vat B=]|0
6 -3 3 -6 0

[Mapampoupe 0t 6Aeg o1 3 x 3 Kat ot 2 x 2 unoopiouoeg Tou eival pndevikeg, onodte
rank(A) =1 =rank(A|B) (opoyevég)
Bpiokoupie 10 1 OUVAPTIOEL TOV T2, T3, T4
1 1
xry = 5332 - 53:3 + x4

Ermopévwg, o1 Auoeig tou ouotrjparog eivat 9¢toviag o = k,x3 = 1,24 =m

1 1
($1,$2,CE3,CE4) = (§k - §l + m’k’lam)
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‘Aoknon 3.4

a) To ocUotnpa ypagetatl oty poper)

AX =B
1 -2 1 0
orou A= 2 -1 5 kat B=| -3
3 1 2 1
1 -2 1
Eneidn) |A|=]12 -1 5|=24%0
3 1 2

rank(A) =rank(A|B) =3

orote, oupgeva pe v Ipotaon 3.13, 1o cvotnpa £€xel povadikn Auon

551:@’ :ngﬁ, :ngw (7)
. Al Al Al
0 -2 1
|A1|=] -3 -1 5 |=24
1 1 2
1 0 1
|As]=12 -3 5[=0
3 1 2
1 -2 0
|As|=]2 -1 -3 |=24
3 1 1
‘Etot, ot (i) &ivouv
xlzz—izl, x2 =0, .%'3:—%:—1
B) To ouotnpa autd ypadetat ot popdn
AX =B
1 2 -3 1 1
orou A=12 -1 2 -1 kat B=|1
4 3 -4 1 2

O emaugnévog mivakag tou oUoTAtog eivat
1 2 -3 1 1

AB=[2 -1 2 -1 1
4 3 -4 1 2

Kat pa 3 x 3 unoopidouoa tou eivat n
1 2 1

2 -1 1]|=5=%0,
4 3 2
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ordte rank(A|B) =3

OH®G 0Aeg o1 3 x 3 urntoopidouoeg Tou rivaka A eivatl pndevikég, ornote
rank(A) #3

Egoocov, rank(A) + rank(A|B)

Enopévag oupgwva pe tmy [potaon 3.12 to ovotnpa eivat aduvato.
y) To oUotnpa autd ypadetatl ot popopn

AX =B,
-2 2 3 -3 1 -4
orou A= 3 -3 -1 1 1 kat B=| 5
1 -1 2 -2 3 2
Mua pn pndeviky) 3 x 3 unoopiouoa tou mivaka A kat tou eravgnuévou A|B eivat
-2 3 1
3 -1 1[=-7+0,
1 2 3

orote

rank(A) = rank(A|B).
Zuvenog, priopouvpe va Bpoupe toug 3 ayvootoug ouvaptiost tov dAAeov §Uo 1. T0Ug 1,3, L5 oUvap-
T)OEL TOV T2, T4 ATIO TIG ECIOOOEIG

—2.%'1 + 31‘3 +T5 = -4 - 2.%'2 + 3.%'4 (2)
3r1—x3+x5 = H—x4+319 (i7)
T+ 2.%'3 + 31‘5 = 2+ To + 2.%'4 (ZZZ)

Agpatpwvtag 1§ (i) xat (74) katd pédn xat moddarmdaoctadoviag v (i4) emt —3 xkat mpoodLtoviag ) otnv
(i71) mpoxurTel

—bxq +4x3 = -9~ Hxo + 4y (iv)
—8x1 +Hx3 =—13 +5xy — 819 (v)

[ToAAardaotadoviag v (iv) eri —5 kat myv (v) emti 4 Kat POoOETOVIAg AUTEG TIOU TIPOKUITIOUV £XOUHE
T = 1+ T2

Avukabiotoviag 1o 1 oty (v) éxoupe
r3=—-14+24
Avuxabiotoviag ta 21 Kat x3 omyv (1) mpoxuTTtel
Iy = 1
ordte, o1 AUoelg Tou ouotruatog givat (9étoviag oo = k kat x4 = m)
(x1,29,23,24,25) = (1 +k,k,m—-1,m,1) k,meR

6) To ovotnua ypadetat ot popdr)

AX =B,
1 2 -1 5 6 10
orou A=l -1 -2 1 -3 -2 |, ka1t B=| -4
2 4 -2 6 3 6
Kat pa 3 x 3 unoopidouoa tou A eivat
AX =B
-1 5 6

1 -3 -21=2#0
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ortote

rank(A) =rank(A|B) =3

Enopéveg, priopoupie va Bpouiie ToUg TPEIS AYVAOOTOUSG OUVAPTHOEL TOV AAA®V §U0. Auvovtag Tig e§1000e1g

®G TIPOS T3, T4, T5 TIPOKUITTEL
—I3 + 5.%'4 + 61‘5 =10- T — 2.%'2
.%'3—31‘4—21‘5 = —4+1‘1 +2.%'2
—2x3+6x4 + 305 =6 - 221 —4xe (i)

[TpooBEtoviag 11 HUo Tprteg Katd PéAn kat moAdardaociadoviag ) §eutepn el 2 Kat rpocHEtoviag otnv

1pitn €5i00OT TIPOKUITTIOUV

2$4+4£C5:6
1‘522

Avukab10toviag 10 5 oty Pt €500 MTPOKUITTEL
T4 = -1.
Avukabiotoviag ta 24, x5 oy (i) €xoupe
XT3 =-3+T1+ 219
ordte, 01 AUoel§ ToU ouotruarog eivat 9étoviag 1 = k kat r9 =m
(1, 22,23,24,25) = (k,m, -3+ k+2m,-1,2)

€) To ovopa ypagdetat ot popopn

AX =B,
2 7 5 -5 0
1 1 0 0 0
orou A= kat B=
0 3 3 -3 0
-1 -1 0 0 0
To ouotnpa eitvat opoyeveg, onote £xel Auor).
Ere1én
|A[=0
Kat 6Aeg o1 3 x 3 urtoopidouoeg tou A eivatl pndevikeg, Opwg 1 2 x 2 urtoopilouca tou A
27
=2-7T=-5%0
11
orote
rank(A) =2
OIdTe PITOPOUHE va BPOUE Td X1, L2 OUVAPTHOEL TV T3, X4 (ard 1ig §uo rpmteg e§l000e1g)
2x1 +Txo = -brg+dry
1 +T2 = 0

Ao ) 6eUtepn e§100ON TIPOKUITIEL T9 = —T] AVUIKAOI0TOVIAG OTNV TMIPQOTH], TIPOKUITIEL
21‘1 - 71'1 = —5.%'3 + 51‘4
r1 = X3—T4

Enopévag,
Ty = -1 = Ty — T3,

ordte o1 Auoelg Tou ouotrpatog eivat (9étoviag x3 = k kat x4 = m)
(z1,29,23,24) = (k—m,m—-k,k,m) k,meR

ot) To ouotpa ypagetat

(i)
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AX =B,
1 1 0 1 0
0 1 1 -1 0
orou A= kat B =
-1 0 1 -2 0
1 2 1 0 0
1 opidouoa tou A eivat
|[Al=0
Ermiong, 6Aeg o1 3 x 3 urtoopidouoeg tou A eivatl pndevikeg.
Mua 2 x 2 urtoopi¢ouoa tou A eivat
11
=1+0
0 1
ordte rank(A) =2 = rank(A|B) (opoyevég)
OITOTE PIOPOUNE VA BPOUE Ta X1, L9 CUVAPTHOEL TOV X3, T4. ATO 11§ HU0 Mpwteg e§10WOEIG TIPOKUITIOUV
T1+T2 = —XI4
T2 = —X3+XT4

Avukab10toVIag 10 To Oty NPt 510001 MTPOKUITTEL
Tr1 =TI3 — 2$4
Ermnopévwg, o1 Auoeig tou ouotrjpatog eivat (9étoviag x3 = k xat x4 = m)
(1, 29,23,24) = (k= 2m,m - k,k,m), k,meR.

{ To cuotnpa autod ypagetat

AX =B,
1 -2 1 0
orou A=12 -1 -1 kat B=| 0
1 1 5 7
H opidouoa tou mivaka A eivat
IA| = 21
Kdtl n AUon tou, Pe ToV TPOIo ToU (a), ITPoKUITIEL
.%'121, 1‘2:1, 1‘321.
¢ To ouotnpa autd ypadetatl ot popdn
AX =B,
1 -2 1 1 0
orou A=12 -1 -1 |, X=]| x kat B=| 0
1 1 5 3 7
O emauinévog mivakag tou CUoTAtog eivat
1 -2 1 0
AB=|2 -1 -1 0
1 1 57
1 -2 1
Enedn) |Al=]2 -1 -1|=21=%0,
1 1 5

rankA =rank(A|B) = 3,

OrOTe T0 CUOTNHA AUTO €Xel T povadikr) Auon
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A A Al

SV TRV TR R T

OTI0U
0 -2 1 5
|41 = 0 -1 -1 {|=7 ‘ =7[(-2)(-1)-1(-1)] =21
-1 -1
7T 1 5
1 0 1 11
[Ao] = |2 0 -1 |=-7 ‘:—7[1(—1)_1.2]:21
2 -1
17
1 -2 0 L
[A3] = |2 -1 0= 7‘ ‘ =7[1(-1)-2(-2)] =21
2 -1
1 17
21 21 21
4D, ) 61 =— =1 =—=1 =— =1.
tot ot (i) &tvouv z1=gr=1 22=o7=1 3=
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‘Aornon 3.5

To cuotnpa auto ypdoetat otn popdr)

AX =B
1 -2 1 1
orou A= 2 -1 1 -1 kat B =
7T 1 2 -8
Ia va €xet Avon 1o ouotnpa mEEret
rank(A) = rank(A|B). (i)
[Mapatnpoupe 6t 6Aeg o1 3 x 3 uroopidouoesg tou A eivat pundev kat n 2 x 2 unoopiouoa
1 -2
=-1+4=3+0
2 -1
orote
rank(A) =2

Aoy g (1) rpénet rank(A|B) = 2, 6nAabdr) 6Aeg ot 3 x 3 urtoopidouoeg tou eraudnuévou mpérnet va eivat
Hunoéév.

1 -2 a 2 8 _
2—1ﬁ:0©‘_16+2 +a =0
I~ 7 5 71
7T 1 v
< 37-158+9a=0
1 1 a
1 g 2 0 2 1
21 g1=0 < - +a =0
2 v 7T v 7T 2
7T 2 v
< 50-v-3a=0
1 1 a
-1 p 2 B 2 -1
2 -1 B|=0 < - +a =0
8 7 et 7 -8
7T -8 7
< -37-B+15a=0
-2 1 a
1 p -1 g -1 1
-1 1 =0 < -2 - +a =0
2 v 1 7 1 2
1 2 v
< —v+58-3a=0
1 1 a
-1 g -1 B -1 -1
-8 v 1 1 -8
1 -8 x
< 3v-156+9a=0
Kat
1 a
-1 B 1 g -1 -1
-8 v 2 v 2 -8
2 -8

< -2v+108-6a=0

OIoTe, Ao OAEG TIG IAPATIAV® 0pilouoeg TPOKUITtel N e§lowon
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56-v-3a=0 < v=58-3a
orote 10 cUoTnua £xet Auorn av

v=56-3a < v=505-3a.
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‘Aokrnon 3.6

a) To ovotnpa ypdagetat oty popdr)

AX =B,
OIT0U
1 1 1 1
A=k k 1 kat B=| k+1
k 2 2 2
n opidouoa Tou mivaka A sivat
1 11
A=k k 1 |=-k*+3k-2=—-(k-2)(k-1)
kE 2 2

Apa:
> T k # 1 kat k # 2, woxvet
rank(A) =rank(A|B) =3,
orote oUPP®va pe v potaocn 3.13 1o cuotnua €xet povadikn Avon v
901:@, $2=@, 903:@
Al Al Al

o1t0U ) 3
1 1 1
k+1 k 1
Ay | 2 2 2 | 0
1 = =
A
1 1 1]
|[Aso| = E k+1 1 [=k(2-k)
| K 2 2
[ 11 1 ]
|[As] = k k k+1 |=k-2
| k2 2
orote 1) Avor) eivat
0
= ——— =0
T TE-)k-1)
k(2-k) k
Tro = =
“h-2)(k-1) k-1
k-2 1
r3 =

—(k-2)(k-1) 1-k

» Ta k = 1 n opidouoa tou A eivat | 4| = 0 ka1 unidpxet 3 x 3 opidouoa tou enauvgnpévou 81apopn Tou
pndevoug, 1
1 11

1 1 2|=-1+0
1 2 2
orote rank(A) #+ rank(A|B)
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Kal oupgeva pe v npotaon 3.13 1o ovotnpa dev £xel Avor).

» T'a k = 2 n opidouoa tou mivaka A eivat [A| = 0 kat 6Aeg ot 3 x 3 opidouoeg Tou enaudnpévou etvat
unéév. Erur¢ov, uniapyet pua 2 x 2 opidouoa £vog urortivaka tou A 1ou eivatl 61dgopn tou pndevog, 1

11
2 1

=1-2=-1+%0

o1t0TE

rank(A) =rank(A|B) = 2.

Zupoeva pe ty Ipdtaon 3.13, 10 cvotnua £xet anelpeg Avoeig (Bpiokoupe aro 1g Suo rPoTeg e§10M0ELg
1a X2, T3 OUVAPTIOEL TOU 1)

$2+$3:1—$1
21‘24-1'3:3—2.%'1

Apalpoviag TG eS1000EIG KATd PEAN EXOUE
To=2-11

KAl aviikaflotoviag oty mpotn) e6i000T), IIPOKUITIEL T0 T'3

x3=-1
Ermopévwg, o1 Auoeig tou ouotrpatog eivat (9étoviag 1 = A)

(x1,m9,23) = (N\,2-A,-1), \eR

Enopéveg, 1o ovotnpa £xet Avoeig yua kabe k # 1.
B) To cuotnua ypagetat ot popor

AX =B

orou

1 opidouoa tou mivaka A givat
|A| = =3k* +3=3(1-k)(1+k).
‘Etot:
>Twk+1xatk # -1 10te
rank(A) =rank(A|B) =3
orote oUPP®va pe v potaocn 3.13 1o cuotnua €xel povadikn Avon v

A Al A

BV TV TR AV T

OItoU

11 -1

Al = | k-1 1 k |[=-K*+3k-4
1 3 k
Eoo1 -1

|Ag] = |k k-1 k |=k>-3k*+5k-3
3 1k
E 11

|As] = |k 1 k-1|=-3k+9%-6=-3(k-1)(k-2)
33 1

orote 1) Avor) givat
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. —k*+3k-4 aj_k@—3#+6k—3 ) C3(k-1)(k-2) k-2
T3(1-k)(1+k) 7 B31-k)(1+k) T BU-k)(1+k) k+1

> Ta k =1, n opidouoa tou mivaka A eivat

z1

Al =0
OTIWG KAt 0Aeg o1 3 x 3 urtoopi{ouceg TOU eMAUNIEVOU
Ermiong, pa 2 x 2 vnoopiouca 1ou mivaka A mou MPoKUITTel §1aypdpoviag v Pty YPARHn Kat tmy
MPWTN OTtNAN
11

3 1

=-2%0,

orote
rank(A) =rank(A|B) = 2.
Enopéveg, pmopoupe va Bpoupe Toug SU0 ayveoToug CUVAPTHOEL TOU TPITOU, I1.X TOUG T3, T3 OUVAPTOEL
TOU X1 aro 10 cuotnua tng deutepng Kat 1pitng e§lowong
To +T3=—-T1
31‘2 + T3 = 1—3.%'1

Agalpoviag katd péAn 1g §uo e§1000e1g ITPOKUITTEL
—2r9=221-1 < 1‘225—1'1

Kal avikadiotoviag to Xe otV mpwtn e5iomon Bpiokoupe
1
r3 =——=
2

Enopéveg, o1 AUoelg tou ouotrpatog sivat (9étoviag z1 = M)
1 1
(w1, m2,23) = (A, 2 —)\,—5)

» Twa k = -1, |A| = 0 ka1 6Aeg ot 3 x 3 opidouoeg tou enaudnuévou eival 1apopeg tou Pndevog
(rank(A) # rank(A|B)), ondte to ovotnpua dev éxet Avon.
TeAkd, 1o ocuotnpa £xet Avoeig ya k # —1.
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‘Aoknon 3.7

a) To ovotnpa auvto ypdgetat otn popdr

OT0U A= rat B =

W NN
—_
—_
e e

2 -1
5 2 0 2

NN W =

Ot 4 x 4 opigouoeg tou mivaka A kat tou ertavgnpévou (A|B) eivat pndév kat pia 3 x 3 urnoopidouoa sivat
1 2 3

3 2 1([=12+0,

2 3 1
orote
rank(A) =rank(A|B) = 3.

Mrniopoupe va Bpoupe ta 7,Y,2 OUVAPTNOEL TOU W AO T0 oUCTNHA NG Mpotng, deutepng Kat tpitng
ypappng (rou avuototyel n nmapandve pn pndevikr) opidovoa)

r+2y+3z=1+w

3x+2y+z=1+w

20+3y+z=1-w

[ToAAardactaloviag v rpatn e§ioworn et —3 Kat rpoobétoviag ot HeUtepr) MPOKUITIEL

20+4z=1+w
Erudéov moAdarmdaotaloviag v mpotn eri —2 kat rpoobétoviag otny tpitn e§100wor), ITPOKUITTEL
y+5z=1+3w
'Etot, mpoxuIttel 10 ouotnua
20+4z=1+w
y+5bz=1+3w
[MoAAardaoidoviag tn evtepn e€iowon i —2 KAt rPoab£toviag oty Pt 5000t £XOUNE
1 5
zZ=—+—-w.
6 6
Avukabiotoviag oty Settepn €§iomon To 2 £xoupe
17
=———w
Y6 6
Kat, avuxkadiotoviag ta z kat y oy (i)
1 5
T=—+-w
6 6
ordte, 01 AUoelg Tou ouotruatog eivat (9étoviag w = k)
T o1To 1 7 1 5
(z,y,z,w) = (— +—k, = - =k, =+ =k, k)
6 6 6 6 6 6
B) O mivaxkag A 10U CUCTHIATOG AUTOU givat
[ 1 -3 2 0]
2 -3 2 0
0o 1 -1 1
A= 1 -1 0 2
1 0 -1 3
-1 1 0 -2 |
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'OAeg o1 4 x4 opidouoeg Tou mivaka autou eivat pndév kat 1 3 x 3 opidouoa 1ou POKUITIEL Ao TG YPALES
2,3,4 xat ug omleg 1,2,3 sivat

2 -3 2
A=|0 1 -1]=-1
1 -1 0
OTI0TE
rankA = 3.

'Etot, Bpiokoupe toug 3 ayveotoug, a, 3,7y, ouvaptr)ost 1ou § ano g e§lonoelg 2,3,4.

0 -3 2
ALl = -0 1 -11=0
=26 -1 0
2 0 2
|AIB| = 0 -6 -1|=-26
1 =20 0
2 -3 0
|A£/| = 0 1 =0 |=-36
1 -1 =26
onote
_ ALl
VU
Al 26
68 = | B| =—=2)
Al -1
ALl -3¢
"Y = | PY| = i = 35
Al -1
y) To oUotnpa autd ypadetatl ot popopn
AX =B
2 -1 1 -1 1
1 0 -1 1 2
oTI0U A= kat B =
5 -2 1 -1 4
1 -1 2 =2 -1

'OAeg ot 4 x 4 xat 3 x 3 unoopigouoeg tou mivaka A xat tou enavgnuévou (A|B) eivat pndevikég. 'Opwg,
uniapyxet 2 x 2 un pundevikr) unoopilouoa tou A, 1

2 -1
1 0

‘:1¢O
omnote
rank(A) = rank(A|B)

Enopéveg, ovpgpava pe v Ipdtaon 3.12 1o ovuotnpa €xet Arelpeg AUOELG, Ol OITOieg IIPOKUITIOUV AUVO-
VIag g 800 MpaTeg e§10WOELG OG P0G X1, 2.

201 —-x9 = —$3+I4+1
xrp = 1‘3—1‘4+2

AvukaB10T®VIag 10 T OtV MP®T £§10®OT) MIPOKUITIEL
To = 3x3 — 314 + 3,
ordte o1 AUoelg ToU ouotipatog eivat (9toviag x3 = k kat x4 = m)
(x1,m0,23,24) = (k-m+2,3k=3m+3,k,m), k,meR

8) To ovotnpa auvtd ypagpetat
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AX =B,
2 -1 1 -1
orou A=(1 0 -1 1
1 -1 2 -2
'‘OAeg o1 3 x 3 opidouoeg tou A eivatl pndév kat pia 2 x 2 vnoopi{ouoa
2 -1
=1%0
1 0

orote
rank(A) =2 = rank(A|B)

(to ouotnpa eival OPOYeVEG, OTTOTE £XEL AUOT))
Enopévag, priopoupe va Bpoupe 1a T, T9 OUVAPTNOEL IOV T2, T3 A0 T0 oUCTNHA TV dU0
MPOTEOV £§1000ERV

2rx1 —xo =24 — T3

T1 =3 — T4
avukad1otOVIag 1o 1 otV POt 610001 TIPOKUITIEL

To = 3$3 - 3564

ordte, o1 AUoelg Tou ouotruatog eivat (9étoviag =3 = k, x4 = m)

(z1,29,23,24) = (k—=m,3k —3m,k,m), k,meR
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‘Acokrnorn 3.9

4 RS
& T &
T e —
+ - T
Es E4

Ma g Tipég autég ano v Soopévn 0XE0T TPOKUITIEL TO CUCTNHA 0 POPPT] TIVAK®V

3 -1 0 I 20
-1 3 -1 I, | =] -20
0 -1 3 I3 0
O avtioTpoog TOU Tivaka To0U CUCTHHATOS aUToU BPIioKeTal e ToV TPOTo g rapat. 3.9 va sivat
]88 31
Al = o393
| 1 3 8
OroTe 1] Povadikn AU TOU OUCTHATOS auTtou givatl
I 20
L | = A1 -20
I3 0
(8 3 1 20
= 31 39 3 -20
| 1 3 8 0
[ 100
= ﬁ —120
| 40

OTIOTE 01 {NTOUNEVEG TIHEG TRV PEUPATRV £lvatl

I = 4,76mA, I = -5,

TImA, I = —1,90mA

(6tav oe pia oxéon oe éva KUKA@PA 1 povada avtiotaong sivar K€ kat mg taong V, tote n povada

évtaong peupartog stvat mA).
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‘Acknon 3.10

a) TMa va éxet 1o ovotpa ) Avon (x1,x2,x3) = (1,-1,1) mpénet
a-1+B8(-1)+~-1=0
a-1+2(-1)-~-1=1
3-1-B(-1)+~-1=3

1
a-pB+v=0
a-v=3
B+v-1=0
A6 ) Seltepn Kat tpitn 80O MPOKUITIEL
a=3+7
5 ==

ordte aviikaf1otOVIag otV PO 50001 TIPOKUITIEL
3+7=(—7)+7=0 < 37+3=0 < y=-1.

‘Etot

a=3-1=2

B=—(-1)=1,
OTIOTE Y1 va €XEL TO OUCTNHA Tr) AUOT MPETIEL

a=2, f=1xaty=-1.

B) Ta ©g Tipég avtég to ovotnpa yivetat

21‘1 +1‘2—1‘3=0
214 +2I2+$3:1
31‘1—1‘2—1‘323

H opidouoa tou mivaka tou cucTpatog autou givat (pe tov tporo tou Opilopou 3.11)

2 1 -1
A=12 2 1|=11
3 -1 -1

ondte 1 Avon (x1,z2,23) = (1,-1,1) eivar povadikr Avor tou cuotpatog autou.



22§

‘Acknon 3.13
Av U =xa+ yB + 275
4 1 [ 3] 2
9 =z -2 |+y| -7 |+2z| 1
19 3 | 10 | 9
4 x 3y [ 22 ] T+ 3y + 2z
1 9 |=] 22 |+]| -Ty [+| =z |=| 22-Ty+=z
19 3z 10y | 92 | 3z + 10y + 9z
To cUotnpa auto ypdgetal ot popor)
AX =B
T 4 1 3 2
orou X=ly |, B=] 9 ka1t A= -2 -7 1
z 19 3 10 9
0 TTVAKAG TOU CUCTHATOG, TOU OI0i0U O aviioTpopog UTToAoYidetal e ToV yVOoTO TPOTIo
1 73 -7 17
At = =2 3 5
- 1 -1 -1
orote 1 AUOT TOU GUOTAHATOG AUToU givat
1 -3 7T =17 4 4
X:A’l-Bzg -21 -3 5 9 =] -2
-1 1 1 19 3
Apa r=4, y=-2 rat z=3,

o110TE
i =4a - 206+ 37.
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‘Acknon 3.14

" 184

I
I

44 32
32 40
48 60

10
-8

0
48

60
136

11 8 12
=—| 8 10 15
12 156 34

By
= R E
Es
11 8 12
= — 8 10 15
12 15 34
1,96
= | 1,20
3,04

10
-10
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‘Acknonq 3.15
2 -3 5
Eneidn det(a,B,7)=(4 5 -1]|=-88=%0
1 0 -3

ta dravuopata d, B , 77 elval ypappikog aveaptnta, orote 1o diavuopda U PItopel va ypadel 0§ ypapikog
ouvduaopog Toug,

G=ka+\3+u5, k\upeR.
XpNo1ponotwvag Ti§ OUVIETAYHEVES TRV S1aVUoPAT®V U, d, B ,¥ N oxéon auty yiverat

(28,-10,-3) = k(2,4,1) + A(-3,5,0) + u(5,-1,-3)

1 (28,-10,-3) = (2k — 3\ + 5u, 4k + 5A — pu, k — 3p).
H &wavuopatiky) autr) 100tnta 1ooduvapetl pe to ouotnpa
2k-3X+5u = 28
4k +b5A—p = -10
k-3u = -3,

aro tr AUOoT TOU OTI010U TTPOKUITIEL
k=3, A=-4, u=2.

Zuvenwg,
U =3a-46 +27.



